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Abstract 



By studying the representation theory of a certain infinite p-group and using the generalised 
characters of Hopkins, Kuhn and Ravenel we find useful ways of understanding the rational 
Morava i?-theory of the classifying spaces of general linear groups over finite fields. Making 
use of the well understood theory of formal group laws we establish more subtle results 
integrally, building on relevant work of Tanabe. In particular, we study in detail the cases 
where the group has dimension less than or equal to the prime p at which the i^-theory is 
localised. 
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Chapter 1 



Introduction 



1.1 Project overview 
1.1.1 Background 

For any finite group G there is an associated topological space, BG, known as the classifying 
space for G. This space is closely related in structure to the group itself and lends itself well 
to being studied by cohomological methods (see |Ben91j ). We will look at groups of the form 
GLd(K), where if is a finite field, and their associated classifying spaces. 

We study the spaces BGLd(K) using a family of generalised cohomology theories known 
as the Morava £ , -theories. For each integer n > 1 and each prime p there is an even- 
periodic cohomology theory E with coefficient ring E* — Z p fux, . . . , u„_i][u, it -1 ], where 
Zj, denotes the p-adic integers, u%, . . . , u n -i all he in degree zero and u is an invertible 
element in degree —2. These theories turn out to be computable yet, taken together, give 
a great deal of information (see Rav92 ) . As covered in Chapter 01 the Morava E'-theories 
are complex oriented and have close relations with the theory of formal group laws. Under 
mild hypotheses, reduction modulo the ideal (p, Ui, . . . , u n -i) gives a related theory, K , with 
which is associated the theory of formal group laws over finite fields. 

The starting point for the calculation of E* (BGLd(K)) is the work of Friedlander and Mislin 
( FM84 , Fri82 ) who showed that , whenever I is a prime different to p, the mod p cohomology 
of BGLd(¥i) coincides with that of BGLd(C), where F/ denotes an algebraic closure of the 
finite field with I elements. Borel ([Bor53]) na d already shown that, letting T denote the 
maximal torus in GLd(C), the latter could be described in terms of the invariant elements of 
the cohomology of BT under the permutation action of the relevant symmetric group. 

In |Tan95) . Tanabe used the above ideas to show that, for a theory K (n) closely related to K 
above, the X(n)-cohomology of BGLd(¥ir) can be recovered from that of BGLd(¥i) as the 
coinvariants under the action of the Galois group Gal(F;/fy), and that K{n)* (BGLd(¥i)) 
is just a power series ring over F p . 

There are some general techniques due to Hovey and Strickland ( HS99 ) that enable results 
from the theory K(n) to be carried over into E-theory In this vein, an extensive study of 
the ^-theory of BUd has been carried out by the latter author in |Str98j . Also relevant is 
StrOO] where it was shown that, for finite G, E*(BG) has duality over its coefficient ring. 
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The most useful tool for our understanding turns out to be the generalised character theory 
of Hopkins, Kuhn and Ravenel ([HKROO ). There they show that, rationally, studying the 
-E-theory of BG for a finite group G reduces to understanding commuting n-tuples of p- 
elements of G. We find that when G — GLd(K) for some finite field K of characteristic not 
equal to p this reduces to understanding the if -representation theory of the group Z™. 

1.1.2 Thesis outline 

In Chapter 2 we outline the basic material and conventions used in the thesis looking, in 
particular, at finite fields, local rings and the p-adic integers. We also explore the notion of 
duality algebras and make some preliminary calculations, establishing some basic results on 
the p-divisibility of integers of the form k s — 1. 

Fixing a prime p, in Chapter 3 we study the p-local structure of the finite general linear 
groups GLd(K) for finite fields K of characteristic different from p and find that it relates 
closely to that of the symmetric group We give particular attention to the groups of 
dimension p over fields for which p divides \K x | and find that they have only two different 
conjugacy classes of abelian p-subgroups, one being represented by the maximal torus and 
the other by a cyclic group. We also look at the normalizer of the maximal torus in this case, 
finding that it has a finer p-local structure. 

Chapter 4 details the relevant theory of formal group laws and defines the standard p-typical 
formal group law that is fundamental to the development of the Morava i?-theories, which 
we later go on to define. We also outline the relevant known results in the Morava i?-theory 
of classifying spaces, using the relationship between mod p cohomology and the Morava K- 
and i?-theories. We show that, for all of the groups G we consider, the Morava S-theory of 
BG is free and lies in even degrees. It follows that the Morava if-theory of BG is recoverable 
from the i?-theory in simple algebraic terms. We introduce variants of the standard chern 
and euler classes which prove to be more convenient in our setting. 

In Chapter 5 we look at the generalised character theory of Hopkins, Kuhn and Ravenel and 
apply it to the general linear group GLd(¥ q ), where q = l r is a power of a prime different 
to p. We introduce the groups 8* = Z£, $ = (Z/p°°) n (where Z/p°° = lim {Z/p k )) and 

A = (q) ^ Z* . We let A act on $ and find that the set of d-dimensional F g -representations 
of 9* bijects with ($ d /Ed) A (see Theorem O . We also give thought to the cases where d 
is less than or equal to p finding that, under the hypothesis that p divides q — 1, we can 
understand the latter set well. The generalised character theory then gives us a complete 
description of L ®e* E* (BGLd(¥ q )), where L is some extension of Q £3> E* . 

The aim in Chapter 6 is to get a good description of E* (BGLd(¥ q )) for the cases where d 
is at most p and p divides q — 1. We show that Tanabe's results on the Morava if -theory 
of the relevant spaces lifts to i?-theory; that is, we have E*(BGL d {¥ q )) ~ E* {BGL d {^i))v 
where T = Gal(F;/F g ) acts on GLd{¥i) component-wise and hence also on its cohomology. 
Letting Td — (F*) d denote the maximal torus of GLd(¥ q ) and letting act by permuting 
the coordinates we show that the restriction map /3 : E* (BGLd(¥ q )) — > E*(BT) has image 
E* (BT)^ d . Further, when d < p this map is an isomorphism onto its image (Theorem IB1) . 
For the case d = p, we choose a basis for ¥ qP over F g to get an embedding F^ P >— > GL p (¥ q ) 
and hence a map in i?-theory E*(BGL p {¥ q )) -)• E*{BW q < P ). There is a quotient ring D of 
E*(BF* P ) and we let a be the composition E*(BGL p (¥ q )) D. Since T = Gal(F ; /F,) acts 
on F 9 p it also acts on D and we show that a has image D T . We find that a and (3 are jointly 
injective and that they induce an isomorphism Q®E*(BGL p (F q )) ~ Q®E*(BT) s p xQ®D r . 
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We also show that, in this situation, the kernel of /3 is principal and we are able to give an 
explicit basis for E*(BGL p (¥ q )) over E* (see Theorem[C|). 
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1.3 Notational conventions 

• For a positive integer k we define G& = {z G S 1 | z k = 1} to be the cyclic subgroup of 
S 1 of order k. 

• Let H be a subgroup of G. Then we write Na(H) for the normalizer of H in G. 

• Given a group G and a prime p we will write Syl p (G) to denote a Sylow p-subgroup of 
G. Note that Syl p (G) is determined up to non-canonical isomorphism. 

• For a group G and an element g £ G we write conj g for the conjugation map G — > G, 
h M> ghg~ x . 

• Given a group G acting on a set S we let S G denote the G-invariant elements of S. 
Similarly, if G acts on a ring R we let Rq denote the coinvariants of the action; that 
is, R G = R/(r - g.r \r G R,g G G). 

• Given a ring R we denote by R[x] the ring of polynomials in x with coefficients in R 
and, likewise, by R\x\ the ring of formal power-series. 

• We will write R x for the group of units of a ring R under multiplication. If a, b G R 
then we write a <~ b to denote that a is a unit multiple of b in R. 

• We write nil(i?) for the nilradical and rad(i?) for the Jacobson radical of a ring R, the 
former being the set of nilpotents and the latter the intersection of the maximal ideals. 

• Unless otherwise indicated, the symbol ® will denote the tensor product over Z. 

• We will write Hom(— , — ) for the set of homomorphisms between two objects, where the 
structure should be clear from the context, and Aut(— ) for the set of automorphisms 
of an object. We will write Map(— , — ) for the set of functions between two sets. 

• We will use H to denote singular homology and cohomology. 

• For a (generalised) cohomology theory h we will write h* — h* (pt) to denote the ring 
of coefficients. 

• Given a subspace Y C X we write reSy for the map in cohomology h*(X) —> h*(Y). 
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Chapter 2 



Preliminaries 



2.1 Definitions, conventions and preliminary results 

We outline some of the basic definitions and results needed. Unless otherwise stated, all rings 
and algebras are commutative and unital with homomorphisms respecting the units. All of 
the material presented here is well known and good reference texts include [Land 2] . |Ben91j 
and |Mat89j . 

2.1.1 Local rings 

A ring R is known as a local ring if it has precisely one maximal ideal. We write (R, m) to 
denote the local ring R with maximal ideal m. It is easy to show that R is local if and only if 
R\R X is an ideal in R, since every element of a proper ideal is a non-unit and every non-unit 
generates a proper ideal. This ideal will necessarily be the unique maximal ideal of R. If / 
is any ideal in R then the ring R/I is again local with maximal ideal m/I. We will need the 
following result. 

Lemma 2.1. If (R, m) is a local ring then so is -Rflx] with maximal ideal xti^xj + (x). 
Proof. Any power series f(x) £ R§xJ is invertible if and only if /(0) £ -R x (see, for example, 



[Fro681 Proposition 1]). Since m = R \ R x it follows that Rfxj \ (Rlxj) x is the ideal 



Given any ring R and an ideal I in R we define the I-adic topology on R to be the topology 
generated by the open sets x + 1" (x £ R, n E N). If f] n I n = then this topology coincides 
with the one given by the metric 



where we use the convention that 1° = R. Here the number 2 occurring is arbitrary; we get 
an equivalent metric choosing any real number greater than 1. 

If not otherwise stated we assume that a local ring (R, m) carries the m-adic topology. In 
particular, by a complete local ring we will mean a local ring that it is complete with respect 
to the topology generated by its maximal ideal. 



mix} + (x). 



□ 




if a - b e I n but a - b 
if a - b £ I n for all n 
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If (R, m) is a local ring we define the socle of R, denoted soc(i?), to be the annihilator of the 
maximal ideal m. That is, soc(i?) = ann^(m) = {r £ R \ rm = 0}. Since m.soc(-R) = it 
follows that soc(-R) is a vector space over the field R/m. 



2.1.2 The p-adic numbers 

Let p be a prime. We define the p-adic integers, denoted Z p , to be the completion of Z with 
respect to the (p)-adic topology. Note that, since f] n (p n ) = 0, Z p is in fact a metric space. 
The ideal pZ p is the unique maximal ideal of Z p and hence Z p is a complete local ring. 

An alternative characterisation of the p-adic integers is obtained by considering the inverse 
system 

Z/p <- Z/p 2 <- Z/p 3 <- . . . 

and defining Z p = lim Z/p n . In this way, it is clear that Z p carries the structure of a 

commutative ring and we topologise it using the norm \a\ p — p~ v p( a \ where v p is the p-adic 
valuation given by 



v p (a) 



n if a = in Z/p n but a ^ in Z/p n+1 
oo if a = 0. 



With the latter definition in mind, it is perhaps easiest to think of Z p as the set of sequences 
of integers (ao, Oi, . . .) such that ak+i = mod p k with componentwise multiplication and 
addition. Another useful observation is that every p-adic integer a can be given a unique 
expansion a — a «P* where aj £ {0, . . . ,p — 1} for each i. 

We can equally well apply the norm — | p to Q, defining i> p (p"f ) = n whenever both s and 
t are coprime to p. The completion of Q with respect to | — | p then gives the field of p-adic 
numbers, denoted Q p . There is a presentation 

Q p = | | a G Z p and n > 

and, similarly to above, every p-adic number b has a unique expansion b = 6jp* for some 
k < 0, where 6j £ {0, ... ,p — 1} for each i > k. Note that Z p is a subring, and hence an 
additive subgroup, of Q p . 

A related construction is that of the Priifer group. There is a direct system of embeddings 

Z/p -> Z/p 2 -> Z/p 3 ->•... 
with each map corresponding to multiplication by p and we define 

Z/p°° = lim Z/p™ = (JZ/p™. 

n 

There is a canonical identification Z/p°° ~ {z e S 1 \ z p " = 1 for some n}, although Z/p°° 
usually carries the discrete topology rather than that of the subspace of S 1 . 

Lemma 2.2. There are isomorphisms Hom(Z/p°° , S 1 ) ~ Z p a«rf Z/p°° ~ Q p /Z p . 

Proof. View Z/p°° as a subgroup of S 1 and let : Z/p°° — > 5 1 be any homomorphism. 
Then, for each n > 0, 0(e 2Tri /p") = e 2fc -Wp" f or som e fc„ e Z/p". Since fc n+ i = fc„ mod p n 
for each n we have a well defined element (k n ) G Z p . Conversely, any a £ Z p gives a unique 
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4> a e Hom(Z/p 00 ,S" 1 ) defined by a (e 27ri/p ") = e 2a » 7ri / p " . It is clear that this construction 
gives an isomorphism of the groups. 

For the second statement, the homomorphism Z/p°° — > Q p /Z p given by e 2km /P n H- k/p n + 
Z p is well defined and injective. It is surjective since, for a £ Z p , we have a/p n + Z p = 
(SiLo* a t,P*^ /p" + with the latter visibly lying in the image. □ 



2.1.3 The Teichmiiller lift map 

The ring of p-adic integers, Z p , contains precisely p — 1 roots of a; p_1 — 1 = 0. Further, these 
are all distinct (and necessarily non-zero) mod p. We define the Teichmiiller lift map to be 
the monomorphism of groups w : (Z/p) x — > Z p sending a to the unique (p — l) th root of 
unity congruent to a mod p. We often write a for u>(a) £ Z p . We will need the following 
result. 

Lemma 2.3. With the notation above we have ] [ a = — 1 £ Z p . 

ae(Z/p)x 

Proof. This is an immediate corollary to the analogous result for (Z/p) x ; we briefly outline 
the details. Suppose a £ Z/p with a 2 = 1. Then a 2 — 1 = so that (a + l)(a— 1) = 0. Hence, 
since Z/p is a field, we have a = ±1, both of which are indeed square roots of 1. Thus, the 
only self- inverse elements in Z/p are ±1. Hence 

n a = 1 x x n " 1 

QS(Z/p)x ae(Z/p)x 

since the latter product comprises pairs of inverse elements. Applying the homomorphism lj 
then gives the result. □ 



2.1.4 Finite fields and their algebraic closures 

For each prime p we define ¥ p to be the field Z/p. It is well known that we can choose an 
algebraic closure ¥ p for F p and from here on we will assume that we have done so for each 
prime. For a natural number r we then define 

F p r = ja e¥ p | a pr = lj 

which is a field containing p r elements. The two definitions coincide for the case r = 1. It is 
a classical result that, for each r, F p r is the unique field containing p r elements up to a non- 
canonical isomorphism (see, for example, Lan02 ). Further, every finite field is isomorphic 
to Wpr for some p and r. We refer to p as the characteristic of the field. Note that the 
characteristic of a finite field K is given by char(A') = min{n £ N | n.l = in K}. 

If A is a field of characteristic p and A is an algebraic closure for A then the map F : A — > A 
sending a n- a p satisfies F(l) = 1, F(ab) = F(a)F(b) and 

F(a + b) = (a + b) p = a v + b p = F(a) + F{b) 

since p = in A and for i ^ 0,p. It follows that A is a homomorphism of fields, and we 
refer to F as the Frobenius homomorphism. For any prime p the Galois group Gal(F p /F p ) 
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is isomorphic to the profmite integers (see |Wei94[ p207]), topologically generated by F. We 
will write r = T p = (F) ~ Z for the subgroup of Gal(F p /F p ) generated by F. 

Another important property of finite fields is that their multiplicative group of units is always 
cyclic (again, see |Lan02j ) and, for each p, there is a (non-canonical) embedding F p — > S . 
If / and p are distinct primes then the embedding F* — > S 1 induces a group isomorphism 

{a e F ; X | a p " = 1 for some n} ~ Z/p°° 

where Z/p°° is the Priifer group of Section l2.1.2l We will assume, from here on, that we have 
chosen such embeddings for each prime. Note, however, that F; and Fj* still both carry the 
discrete topology. 

2.1.5 The symmetric and general linear groups 

For each d > I the symmetric group on d symbols, denoted S^, is the group of permutations 
of the finite set {I, . . . , d}. For any s and t there is an obvious embedding E s xS t >— > T, s+t - In 
particular, we can view E^-i as the subgroup of £<j fixing d. We will refer to the permutation 
(1 . . . d) G as the standard d- cycle and denote it by 7<j. 

Let K be a field. Then the general linear group over K of dimension d is the group of 
invertible d x d matrices with entries in K and is denoted GLd{K). Equivalently, it is the 
group of automorphisms of the d-dimensional vector space K d . Similarly to above, there is 
an obvious embedding GL S (K) x GL t (K) >— > GL s+t (K) for any s and t. We can also view 
Yid as a subgroup of GLd(K) via the map a M> (ov,) where 

f 1 tfa(j)=i 
l} \ otherwise 

and our convention is that er^- denotes the entry in the i th row and j th column. Another 
important subgroup of GLd(K) is the embedding of (K x ) d along the diagonal, which we 
refer to as the maximal torus and denote by Td- 

2.1.6 Semidirect and wreath products 

Let G, H be groups and let G act on H via group automorphisms. Then we define the 
semidirect product of G and H, written G k H 7 to be the group with underlying set G x H 
but multiplication given by 

(gi;h 1 ).(g 2 ;h 2 ) = (gm; (g 2 ~ 1 .h 1 )h 2 ). 

Note that there is an exact sequence l—>H>—>Gt<.H-»G—}l. One of the main sources 
of semidirect products is the following. 

Proposition 2.4. Let G and H be subgroups K with G fl H = 1 and G ^ Nk(H). Then G 
acts on H by g.h = ghg^ 1 and GH is a subgroup of K isomorphic to G k H . 

Proof. Since G is contained in the normaliscr of H in K the action of G on H is well 
defined and it is straightforward to check that GH is a subgroup of K. Now, define a map 
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<j) : G k H — > GH by a(g; h) — gh. Then <j> is clearly surjective. To see that it is a group 
homomorphism, we have 

4>{(gi;hi)(g 2 ;h 2 )) = c/)(g 1 g2; (g^ 1 -hi)h 2 ) 
= 9i 92 Oa" 1 h i92)h 2 
= gih\g 2 h 2 
= <S>{9i;hi)(j>{g 2 ;h 2 ). 

Finally, for injectivity note that if gh = 1 then g = h^ 1 e GDH = 1 whereby g = h = 1. □ 

Now, let S ^ Y>d for some d and let G be any group. Then S acts on G d by <7.(<?i, . . . ,gd) = 
(5o-- 1 (i)? • • • ! ffcr-^d)) an d we define the wreath product of £> and G by S" ? G = S x G d . One 
important property of the wreath product is that it is associative in the following sense. 

Lemma 2.5. Let A £ s and B ^ Y. t o,nd G be any group. Then there is a canonical 
embedding A I B :— > £ st and a canonical isomorphism (Al B) I G ~ A \ (B I G) . 

Proof. For A; = 1, . . . , s write S fe = {{k - l)t + 1, . . . , fci}. Then {1, . . . , st} = Si U . . . U S s 
and we get embeddings B s >— > S s t (where the fc th factor permutes Sfc) and A ^ S st (where 
A permutes {Si . . . ,S S } in the obvious way). Then, since any element of A n B s must map 
5fe — — >• Sk for each A;, it is clear that iflB s = 1. Further, if a G A and t E B s then, taking 
z 6 Sk, we have errer -1 ^) e S aa -i(k) — Sk, so that oto~ x e B s . Hence A ^ Ns st (B s ) and 
an application of Proposition 12.41 gives us AB S = AkB s =AiB&s& subgroup of E st . 

The proof that (Al B) I G ~ Al (B I G) follows on careful checking that the map 

((a; b 1 ,...,b s );g 1 ,..., g st ) H- (a; (61551, . . . , g t ), (b s ; ff( s -i)t+i, ■ • ■ , ftrt)) 
is an isomorphism. □ 

Another useful feature is that the wreath product distributes over the cross product. 

Lemma 2.6. Let C ^ S s and D ^ Sj. Then, viewing C x D as a subgroup ofT, s+t the map 
(G IG) x (£> ? G) (C x £>) 1 G given by 

{(o~,9i, ■■■,9s),(T;h 1 ,..., h t )) i-> ((a, t); #i, . . . , g s , h x , . . . , h t ) 

is an isomorphism. 

Proof. The map is visibly a bijection. Checking that it is a group homomorphism is straight- 
forward, if a little fiddly. □ 

2.1.7 Classifying spaces 

A topological group is a group equipped with a Hausdorff topology for which the multiplication 
and inverse maps are continuous. Given a topological group G (with a CW structure) there 
is a CW-complex known as the classifying space of G, denoted BG, which is formed as the 
geometric realisation of the nerve of the category G in which there is just one object with 
morphisms indexed by elements of G. 
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The assignment G >—¥ BG is functorial and, for a large class of groups (in particular, all 
countable groups), we have a homeomorphism B(G x H) ~ BG x bhR If G carries the 
discrete topology, such as when G is finite, then BG is a K(G, 1) Eilenberg-MacLane space, 
that is iri(BG) — G and TT n (BG) = for all n ^ 1. Of fundamental importance is the space 
BS 1 which turns out to be CP°°. 

We have the following useful result. 

Proposition 2.7. Let G be a topological group. Then the map conj g : G — > G,h h4 ghg^ 1 
induces a map BG — > BG which is homotopic to the identity. 



Proof. This is covered in |Seg68[ Section 3]. It is a corollary of the fact that for any topo- 
logical categories C and C and continuous functors F\,Fi : C — > C, if there is a natural 
transformation F : F a — > F\ then BF Q ,BFi : BC ->• BC are homotopic. Putting C,C = G, 
Fo = conj g and F\ — idc then for any fteGwe have F\(K) = ghg^ 1 and Fo(h) — h and 
hence a commutative diagram 



JkOO- 2 -*- *<>(*) 



Fo(/i) 



Fi(*)-=U-i?o(*). 

Thus we have a natural transformation given by i 7 b(*) _ — ► an( i the result follows. □ 



2.1.8 The elementary symmetric functions 

Let R be a ring. Then T, d acts on the power series ring i?[xi, . . . , xj by r.x, = x T (f) and the 
ring of invariants is given by R\xi, . . . , x d }^ d = i?[eri . . . , a d \, where o> is known as the k th 
elementary symmetric function and is defined by 

°~k — ^ t ■ • ■ x ik 

l<i 1 <...<i k <d 

(so that a\ = x-y + . . . + x d , a 2 — x\x 2 + xix 3 + . . . + x d _ix d , . . . , a d = x\ . . . x d ). 

Letting N £ N, write q : R\x\, . . . , x d \ — s> iljxi, . . . , x d \/ (x± , . . . , x^ ) for the quotient map 
and identify <7j with g(<7i) for each i. We have the following lemma. 

Lemma 2.8. Let N G N. 77ien t/ie elements erf 1 . . . crf d £ i?[xi, . . . , x d ]/(xf , . . . , x^) for 
ft , . . . , ft; G N wii/i < ft + . . . + /3d < N are linearly independent. 

Proof. Let B be the set {(ft, . . . , f3 d ) G N d | < ft + . . . + ft < N} and suppose that 
r /3 <7 i 1 • • • = f° r some rp G i?. Then, for each /3 and each 1 < i < rf, the highest 
power of occurring in the expression erf 1 . . . a d d is no more than ft + . . . + /3 d < N. Hence 
the relation lifts to R\x\, . . . , x,j] whereby = for all ft □ 

Proposition 2.9. Let N G N. TTien i/ie /ree R-module (Rfxi, . . . , x d J/(xf , . . . , x^)) Ed has 
basis B = {erf 1 . . . of* | < ft + . . . + ft < N}. 

lr The problem that can arise here is that the topology on B(G X H) does not, in general, coincide with the 
product topology on BG X BH . Instead the right hand-side must be given the compactly generated topology 
(see |Seg68| ). They do coincide, however, if BG and BH have countably many cells (see IHat02l Appendix]). 
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Proof. Take a non-zero element y G (Rfxi, . . . ,Xd\/(xi , . . . ,x^)) Sd . Let A denote the set 
{a G N d | < a.i < N}. Then, for a G A, we write x" for x" 1 . . . x d d and, using the standard 
basis for i?[xi, . . . , x £ jj/(x^ v , . . . , x^), we write y = X^aeA r « xQ f° r some r Q G R. 

Note that we can define an action of E^ on A by r.(ai, . . . , Q-d) — (a T - un, • • • j ctr- 1 (d)) and, 
with this action, r.x" = x T Q . Letting r G E^ then, since T _1 .y = y, we have 

aeA a£A a£A aEA 

Hence we see that r a — r T . a for all a G A and all r G E^. Next, introduce an ordering -< on 
the monomials in (i?[[xi, . . . ,x d ]]/(xi, . . . , x^)) Sd by 

x? 1 ...x a d d >- xl 1 ...x p d d a 1 >l3 1 

or ct\ = Pi and «2 > Pi 

or ai = /3i,«2 = P2 and 013 > ,03, etc. 

This is a total ordering on the monomials in (i?[[xi, . . . ,x d ]]/(xi, . . . ,x^)) Sd (the lexico- 
graphical ordering). Now, let B = {erf 1 . . . a d d \ < Pi + . . . + pd < N}. Let r m m = r m x Q be 
the largest monomial appearing as a summand of y. Note that m is of the form x" 1 . . . x d d 
with c*i > ■ ■ ■ > ctd since otherwise we could find some r G E^ such that r.m >- m and r.m 
necessarily appears as a summand of y. Now, 

a^' a2 a^ a3 ...<j^ d = x1 1 - a2 (x 1 x 2 ) a2 ~ a3 ...{x!...x d ) ad + lower terms 
= x" x X2 2 . . . x^ d + lower terms 
= m + lower terms. 

Hence y — r m o'l 1 ~ a ' 2 a 1 ^ 2 ~ a ' 3 ■■■0'J d consists of monomials strictly smaller than m. Since 
y has a finite number of monomial summands we can continue in this way to get y ex- 
pressed as a linear sum of elements of B in a finite number of steps. Thus B spans 
(R{[x\, . . . ,x d ]]/(xf , . . . ,x^)) Sd and hence, using Lemma f2T8l is a basis. □ 

2.1.9 Nakayama's lemma and related results 

In this section we include a few useful results from commutative algebra. We begin with a 
version of Nakayama's lemma. 

Proposition 2.10 (Nakayama's lemma). Let R be a local ring and M a finitely generated 
R-module. If I is a proper ideal of R and M = IM then M = 0. 

Proof. This is covered in |Mat89j . □ 

We will usually apply a corollary of this result, but first need the following lemma. 

Lemma 2.11. Let R be a ring, I an ideal in R and M an R-module. Then R/I M ~ 
M/IM. 



Proof. Define a map / : M — > (R/I) ®r M by f(m) = 1 ® m. Then it is easy to show that 
IM C ker(/) so that / factors through a map / : M/IM -» (R/I) ® R M. It is then not 
difficult to check that the map (R/I) ®r M — > M/IM, s®m4 a.rn is inverse to / which 
gives the result. □ 
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Proposition 2.12. Let R be a local ring, I a proper ideal in R and a : M — > N be a map of 

finitely generated R-modules. If the induced map M/IM — > N / IN is an isomorphism then 
a is surjective. Hence, if a is just the inclusion of M in N then M = N. 

Proof. The exact sequence M A N — > N/a(M) — > induces an exact sequence 

(R/I) <g> M -4 (R/I) ® N -4 (R/I) <g> (N/a(M)) -4 0. 

Using Lemma 12.111 and the fact that M/IM —> N/IN is an isomorphism we see that 
(N/a(M))/I(N/a(M)) = (R/I) ® (N/a(M)) = 0. Hence, N/a(M) = I(N/a(M)) and, 
by Nakayama's lemma, N/a(M) = so that N = a(M). □ 

Let R be a ring and M an i?-module. Then an element x £ R is regular on M if rr.m = im- 
plies m = (m G M). The ordered sequence cci, . . . ,x n of elements of R is a regular sequence 
on M if x\ is regular on Af , x 2 is regular on M/x\M,. . ., x„ is regular on M/ (xi, ■ ■ ■ , cc„_i)M 
and M/(a;i,...,x„)M ^0. 

Lemma 2.13. Let (i?, m) be a local Noetherian ring and a : M — > N a map of finitely 
generated R-modules. Suppose that m = (xi, . . . , x n ) and regular sequence on 

both M and N . If the induced map M/mM — > N/mN is an isomorphism then so is a. 

Proof. By Lemma 12.121 we know that a is surjective, so it remains to show injectivity. Let 
K = ker(a). Then, since x\ is regular on N, M and K, we have a diagram of exact sequences 

Xl K> ^ xiM x jv 

Y Y Y 

X> M 2 ^ N 



K/xxK ^ M/x-lM ^ N/x x N 

and a diagram chase shows that the map K/x\K — > M/x\M is injective. Hence we can 
repeat the process to end up with an exact sequence 

K/(xi,...,x n )K >-► M/(xi,...,x n )M -» N/(xi,...,x n )N. 

But, by our hypothesis, (x\, . . . ,x n ) — m and M/mM — > N/mN is an isomorphism, so 
K/mK = 0. Thus an application of Nakayama's lemma gives K = and a is injective. □ 

Corollary 2.14. Let (i?,m) be a local Noetherian ring and M a finitely generated R-module. 
Suppose that m = (x\, . . . , x n ) and x\, . . . , x n is a regular sequence on M . Then M is free 
over R. 

Proof. Reduce modulo m and choose a basis of the finite dimensional R/m- vector space 
M/mM. Lift this basis to get a map R d — > M for some d which gives a mod-m isomorphism. 
Now applying the previous lemma we find that the map R d — > M is an isomorphism and M 
is free over R. □ 
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2.1.10 Regular local rings and related algebra 

Given a ring R we define the Krull dimension of R to be the supremum over the lengths r of 
all strictly decreasing chains of prime ideals po D pi D ■ ■ ■ D p r - Of particular interest will be 
power series rings Rfxi, . . . , ZfcJ which, if R is Noetherian of Krull dimension n, have Krull 
dimension n + k. Note that if (R,m) is a local ring then the Krull dimension of R is zero if 
and only if m is the only prime ideal of R. 

Lemma 2.15. Let (R,m) be a local Noetherian K -algebra for some field K. Suppose that 
R has Krull dimension and that R/m is finite dimensional over K. Then R is finite 
dimensional over K . 

Proof. Since R is Noetherian it follows that m is a finitely generated ideal. Hence, each of 
the vector spaces m l /m l+1 are finite dimensional over R/m and hence also over K. Further, 
since R has Krull dimension 0, m is the unique prime ideal of R. Thus nil(-R) = m so that, 
in particular, all the generators of m are nilpotent. It follows that there is N G N such 
that m Ar+1 = 0, whereby m N — m N /m N+1 is also finite dimensional. Thus we find that 
R ~ R/m © m/m 2 © ... © m N ~ 1 /m N © m N is finite dimensional over K. □ 

Let (R,m) be a Noetherian local ring of Krull dimension n. Then the dimension of m/m 2 
is called the embedding dimension of R. This is equal to the smallest number of elements 
needed to generate m over R and hence embdim(i?) > n. If cmbdim(i?) = n then R is called a 
regular local ring and a minimal generating set for m is called a regular system of parameters. 
Such a generating set is automatically a regular sequence on R (see |Mat891 Chapter 5]). 

Lemma 2.16. Let (R, m) be a complete local Noetherian ring. If M is an R-module such 
that M/mM is generated over R/m by fj,i , . . . , fj, r and G M lifts yn then M is generated 
over R by mi, . . . , m r . Hence, if M/mM is finitely generated over R/m then M is finitely 
generated over R. 

Proof. This is Theorem 8.4 in |Mat89j . □ 
We include the following elementary lemmas for reference later on. 

Lemma 2.17. Let R be a ring, I an ideal in R, A an R-algebra and J an ideal in A. Then 
the exact sequence 

-> J >-> A ^> A/ J -> 

induces a (right) exact sequence 

(R/I) ® R J^> (R/I) <E>r A -» (R/I) ® R {A/ J) -> 0. 
In particular, the map (R/I) <S>r J — > ker ((R/I) ®rA -» (R/I) <8>_r (A/ J)) is surjective. 

Proof. This is an immediate consequence of the right-exactness of the tensor product. □ 

Corollary 2.18. Let R be a ring, I an ideal in R, A an R-algebra and a € A. Then reduction 
modulo I induces a surjective map Aa/I(Aa) (A/IA)a, where a is the image of a in A/ 1 A. 

Proof. This is a special case of Lemma [2TT71 Let K = ker (A/I A -» (A/Aa)/I(A/Aa)). Then 
it is clear that (A/IA)a C K and we must show that K = (A/IA)a. Take x G K < A/I A. 
Then x lifts to x G A and, writing q for the quotient map A — > A/Aa, we have q(x) G I(A/Aa), 
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say q(x) — s.y for some s € I,y E A/Aa. Then y lifts to y e A and x — sy € kerq = Aa. 
Reducing mod I we get x € (A/IA)a, as required. □ 



Remark 2.19. It is important to note that, in general, Aa/I(Aa) -» (A/IA)a is not an 
isomorphism. As an example, let R = A = Z, a = p and / = pTL. Then Aa = I so that 
Aa/I(Aa) = I /I 2 ~ Z/p whereas (A/IA)a = {I/I 2 )p = (Z/p)p = 0. In particular note that 
the composite Aa/I(Aa) -» (A/IA)a >— > A/I A is not injective. 

We use the following results from commutative algebra. 

Lemma 2.20. (Chinese Remainder Theorem) Let R be a commutative ring and I and J 
ideals in R with 1 E I + J . Then the map R/IJ —> R/I x R/ J, a > (a + I, a + J) is an 
isomorphism. 

Proof. Standard algebra (see |Lan02] ). □ 
Lemma 2.21. Given a ring R and an ideal I in R we have Q<£> (R/I) ~ (Q(g> R)/(Q® I). 

Proof. The quotient map R -» R/I induces a surjection / : Q eg) R — > Q (g) (R/I). Given 
r e ker(/) there is an N £ N such that Nr e R and then f(Nr) = Nf(r) = so that 
Nr e /. Thus r = ■h ® Nr € Q ® / and ker(/) C Q ® I. The reverse inclusion is clear. Thus 
we have an isomorphism (Q ® R)/(Q (g) J) ^> Q ® (R/I), as required. □ 

We will use the following corollary. 

Corollary 2.22. Lei R be a ring and I and J ideals in R with k G /+ J for some 
Then the induced map Q ® (R/IJ) — > Q ® (R/I) xQ® (R/J) is an isomorphism. 

Proof. Note that <Q> ® (/J) = (Q ® J)(Q ® J) and Q ® (/ + J) = Q ® / + Q ® J. Now, 
l = ^®fceQ(g>(/ + J)=Q£g)/ + Q®Jso that the Chinese Remainder Theorem applies 
and we get 

(Q ® i?)/(Q (8> (JJ)) (Q ® R)/(Q ® J) x (Q « i?)/(Q ® J) 

i i 

Q ® (i?/U) ^ Q (8 (i?//) xQ® (R/J) 

showing that the bottom map is an isomorphism, as claimed. □ 

2.1.11 Duality algebras 

Let A be an algebra over a ring R. Then the group Honifl (A, R) is an A- module via the action 
(a.<j))(b) — tf>(ab) and we say that A is a duality algebra if there is an A-module isomorphism 
: A Homji(A,R). Note that such an isomorphism will be determined by 9 — 0(1). 
Thus A is a duality algebra if and only if there is a i?-linear map 9 : A — > R such that the 
map A — > Hom/j(yl, R) 1 a i— > a. 9 is an isomorphism of i?-modules. Such a 9 is known as a 
Frobenius form. 

Lemma 2.23. Let A be a duality algebra over R and 9 a Frobenius form on A. Let I be any 
ideal in A. Then if a £ A and 9(al) — we have al — 0. Hence 

ann A (I) = {a E A \ 9(al) = 0}. 
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Proof. Let s e 7. Then 0(as) = 0. Now, for any teiwe have 6>(&as) = 0(a(bs)) £ 8{al) = 0. 
Thus (as). 9 is the zero map and it follows that as — 0. Hence a annihilates 7, as claimed. □ 



Corollary 2.24. Let A be a duality algebra over R and suppose that P is an R-module 
summand in A. Then annA(P) is a summand in A. 

Proof. Write A = P © A/P and so Rom R (A, R) = Rom R (P, R) © Rom R (A/P,R). Put 
Q = ®~ 1 (Hom R (A/ P, R)). Then Q is a summand in A and, with the notation of the 
opening paragraph, 



Now suppose that if is a field and A is a local and finite-dimensional duality algebra over K. 
Recall from Section 12.1.11 that the socle of A is defined to be the annihilator of its maximal 
ideal. We will shortly have a useful characterisation of such duality algebras in terms of the 
dimension of their socles, but first we need a couple of lemmas. 

Lemma 2.25. Let K be field, A a finite- dimensional K -algebra and L an ideal in A. Then 
A is a local ring with maximal ideal L if and only if A/ 1 is a field and I N = for some N. 

Proof. First suppose that A/ 1 is a field and 7 = for some N. Then 7 is a maximal ideal 
and 7 C nil(A). Further, since nil(j4) is equal to the intersection of all the prime ideals of A, 
we have 7 C nil(A) C rad(A) C 7. It follows that 7 is the unique maximal ideal of A and A 
is local. 

For the converse, since A is a finite-dimensional vector space it is Artinian and hence all 
prime ideals are maximal (see, for example, |Mat891 pg 30]). Thus if A is local with maximal 
ideal 7 we have 7 = rad(^4) = nil(A) so that every element of 7 is nilpotent. Since the 
descending chain of vector spaces 7 7 2 7 3 ^ . . . must be eventually constant it follows 
that we must have I N = for some N. □ 

Lemma 2.26. Let K be field and (A, m) be a finite- dimensional local K -algebra and suppose 
that soc(A) is one- dimensional over A/m. Then if I is any non-trivial ideal of A we have 
soc(A) C 7. 

Proof. By Lemma [525] we must have m N — for some N. Thus we have a descending chain 

7 Ss m7 ^ m 2 7 ^ . . . ^ m N 7 = 

and hence there exists t > such that m* +1 7 = but m'7 ^ 0. Since m.(m 4 7) = m t+1 7 = 
we see that m'7 is a non-zero A/m-subspace of the one-dimensional vector space soc(A). 
Thus we have soc(A) = m*7 ^ 7, as required. □ 

We are now able to prove some useful results. 

Proposition 2.27. Let K be field and (A,m) a finite- dimensional local K -algebra such that 
the composition K — > A — > A/m is an isomorphism. Then A is a duality algebra if and only 
if soc(A) has dimension one over K . 




(x.6)(P) = 
6{xP) = 
x G ann J 4(P). 



Thus Q = ann^(P) is a summand in A. 



□ 
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Proof. Let 9 be a Frobenius form on A and let 9 : A —> Homx(4, K) be the associated 
isomorphism of A- modules. The inclusion m A gives us a splitting A ~ (A/m)ffim ~ -fTffim 
of if-vector spaces. If a 6 soc(A) with 9(a) = then, since a annihilates m, we have 
Aa = (K © m)a = Ka and so 0(Aa) = 6(Ka) = K9(a) = 0. It follows that 6(a) : A -> K 
is the zero map and hence, since 9 is an isomorphism, a = 0. Thus 9 : soc(A) — > K is an 
injective map of vector spaces meaning dim#-(soc(A)) < 1. Letting t be the largest non-zero 
power of m (necessarily finite) we see that < m* ^ soc(A) so that soc(A) is non-zero and 
therefore that dimx(soc(A)) = 1, as required. 

Conversely, suppose that dim#-(soc(A)) = 1. Let / » £ soc(A) so that soc(A) = Kv. 
Extend {v} to a basis {v, v\, . . . , Vd-i} for A over K and let : A —> K be the linear map 
sending u i-> 1 and i— > for i = 1, . . . , d — 1. We show that is a Frobenius form. 

Let $ : A — > Hom#-(A, if) be the if-linear map defined by $(a) = a.<f>. Hence, if a G A and 
$(a) = then 0(aA) = 0. But aA is an ideal in A and every non-trivial ideal contains soc(A) 
by Lemma \2. 261 Thus, since <j>(soc(A)) = K ^ 0, we must have aA = and hence a = 0, so 
$ is injective. Since dim^- (Hom^ (A, K)) = Aybik(A) (and both are finite) it follows that $ 
must be an isomorphism of vector spaces. Thus </> is a Frobenius form on A. □ 

Proposition 2.28. Let A and K be as above. Suppose char(K) = p and let G be a group of 
K -algebra automorphisms of A such that p j \G\. Then if A admits a G-invariant Frobenius 
form its restriction is a Frobenius form on A G and thus A has duality over K . 

Proof. As in the proof of Lemma \2. 2 71 we have A ~ K © m as if-modules. Since G acts by 
.ftT-algebra automorphisms we have A = (K ©m) G = K(Bm so that A /m G ~ K. Further, 
since m G C m and iti" = for some N we have (m G ) N = 0. Hence, by Lemma \2. 251 A G is 
local and m its maximal ideal. 

Let : A — > K be the G-invariant Frobenius form on A, so that 9(g.a) = 9(a) for all a G A 
and g G G, and let 9 : A — — > Hohir-(A, if) be the associated isomorphism of vector spaces. 
Let $ be the composite A G >— > A — » Hoin^Aif) Hom/f (A G , if ). Then $ is an 
^4 -linear map of finite dimensional if-vector spaces of the same dimension. 

Now, define an A G -linear map r : A — > A G by r(b) — ^2 g eG 9-^- Then, for a G A G we 
have ar(b) = a ^ Y, g ea 9-b = jgy E 9 eG 0-( o& ) = r ( a& ) so that 

($(o) o r )(6) = ((a.0) o r)(6) = 0(ar(6)) = 9(r(ab)). 

But 9 or = 9 since is G-invariant. Hence we have $(a) o r = 9(a) as maps from A — > K . 
Thus, if ^(a) = we have 9(a) = $(a) o r = so that a — 0. Hence $ is injective and 
therefore an isomorphism. Since $ is ^4 -linear it follows that A has duality over K with 
Frobenius form $(1) = 9\ A a. □ 

2.1.12 The p-divisibility of k s - 1. 

For this section we will assume that p is an odd prime and let k be any integer. For reasons 
that should become clear later we aim to get a good understanding of the p-divisibility of 
k s — 1 for varying s G N. That is, in the notation of Section [2 .1.21 we are looking to calculate 
v p (k s — 1). Note that if k is divisible by p then v p (k s — 1) = for all s. Hence we can assume 
that k is coprime to p and start with the case where k = 1 mod p. 

Lemma 2.29. Suppose v p (k—l) = v > and take s > 1 with (s,p) = 1. Then v p (k s — 1) = u. 
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Proof. Write fc = 1 + ap v with (a,p) = 1. If s = 1 the result is clear. Otherwise, s > 1 
and for all 1 < i < s we have (p 11 ) 1 = p iv — p v+1 .pC* 1-1 )" -1 which is divisible by p t,+1 since 
(i - l)v - 1 > 0. Then 

k s = (l + ap v ) s 

= 1 + s.ap" +p v+1 .b 

for some 6. Hence k s — 1 = p v (sa + pb) whereby v p (k s — 1) = v since p\ sa. □ 
Lemma 2.30. For < i < p we have v p ((f)) = 1- 

Proof. We have (?) = .|^.^ so that i!(jp — *)'(?) = P- Since u p (p!) = 1 and v p (il) = 
v p ((p — = we see that v p (?) = 1, as required. □ 

Corollary 2.31. Let v p (k - 1) = v > 0. Then v p (k p - 1) = v + 1. 
Proof. Writing fc = 1 + ap 1 ' with (a,f>) = 1 we have 

k p = (1 + op")* = 1 + p.ap" + Q (ap")* j + (ap*f 



= 1 + ap 

But for 2 < i < p — lwe have 



i=2 

" +1 ' (i) aipi y + aPpVP - 



P )aY v j = v p (n+v p (ap™) 

= 1 + iv 
> v + 2 

since v > 1 and i > 2. Similarly, v p (a p p vp ) = vp > v + 2 since v > 1 and p > 2. Hence we 
have 

fc" - 1 = oy ,+1 + p u+2 o = p u+1 (a + pb) 
for some 6 and the result follows. □ 

Assembling the above results we get the following. 

Lemma 2.32. Let v p (k — 1) = v > 0. Then v p (k s — 1) = v + v p (s). 

Proof. Write s — ap w with (a,p) = 1. Noting that v p (k s — 1) > for any s (since fc — 1 
divides k s — 1) we have 

Up (fc s -1) = v p (k apW -l) 

= Vp ((k pW r-i) 

= v p (k pW -1) by Lemma [2351 
= u p (fc — 1) + w 

by repeated use of Corollary |2.31l Thus v p (k s — 1) = v + w p (s), as claimed. □ 
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We can now deal with the general case. 

Proposition 2.33. Let a be the order of k in (Z/p) x . Then 



v p {k s - 1) = 

Proof. We have 



if ' a\ s 
v p {k a — 1) + v p (s) otherwise. 



v p {k s - 1) > <S=> p | k s - 1 

fc s = 1 mod p 
a | s. 

Thus - 1) = when a\s. If a | s, write fc' = fc a . Then u p (fc' - 1) > and LemmagUl 

gives us 

v p (fc s - 1) - « p ((fc') (s/a) - 1) - Wp(*' - 1) + «p(*/o) = v p( ka - !) + 
where we have used the fact that v p (s/a) = v p (s) since a\p — 1 and so is coprime to p. □ 
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Chapter 3 

The p-local structure of the 
symmetric and general linear 
groups 



There is a close connection between the Sylow p-subgroups of and those of GLd(K), where 
if is a finite field of characteristic different to p. We begin with an analysis of the former. 



3.1 The Sylow ^-subgroups of the symmetric groups 

The work here is well-known; similar expositions can be found in |AM04j and |Hal76j . 
Lemma 3.1. Take dGN and write d — y\_ aip 1 with < a 2 ; < p. Then 

P-1 

where v p is the p-adic valuation of Section \2. 1 . °A 

Proof. Noting that the integer part of ~ is just Y%=j a iP % ~^ an d that, by the usual argu- 
ments0, v p (d\) = Y^Li pr\ we S et 



= £ 4 =EE^ i - i = EhE^)=E«< 

j = l i=j k=l \ 1=0 ) k=\ 



P 



fc-1 v • / , 

P K - 1 

p-1 



3 = 1 

But 

' p k - 1\ _ ELi a kP k - SLi a k _ (d-ap)- J2l=i fl fc _ d ~ E t a » 



E«fe 

fc=l 



P — 1 J p — 1 p — 1 p — 1 

and we have the claimed result. □ 
Corollary 3.2. For any k > we have v p (p k \) = (p k - l)/(p - 1). 



1 There are 1^1 terms in the sequence 1,2,3 ... ,d divisible by p, |^^2"J terms divisible by p 2 and ; 
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Proof. Writing p = 1 p the result is immediate from the preceding lemma. □ 

Proposition 3.3. Let C' p — (jp) ^5 S p be the cyclic group of order p generated by the 
standard p-cycle. Then, for any k > 1, the k-fold wreath product C p I . . . I C p is a Sylow 
p-subgroup of T, p k . 



Proof. We prove this by induction on k. The result is clear for k = 1 since v p (\T, p \) = 
v p (p\) — 1 = v p (Cp). Next suppose that the /c-fold wreath product Pk = C p I . . . I C p is a 
Sylow p-subgroup of £ p k. Then an application of Lemma 12.51 shows that Pk+i = C p I Pk is a 
subgroup of T< pp k = lyt+i. Noting that |Pfe+l| = p\Pk\ p , using Corollary 13.21 we have 

k 

v p (\P k+1 \) = l+p.v p (\P k \) = l+p.v p (p k l) = l+p.^-— 

p — 1 

p — 1 +p k+1 -p 

so that Pfc+i is a Sylow p-subgroup of £ p fc+i . □ 

Proposition 3.4. Zei d 6 N and write d = J"\_ <Zjp\ 5y partitioning {1, . . . , d} appropri- 
ately, there is an embedding Y[i(^-'p i ) ai >— * and any Sylow p-subgroup o/ J^ i (S p i) ai is a 
Sylow p-subgroup o/S^. In particular, Syl p (Y. ( i) is a product of iterated wreath products of 
C p . 

Proof. We partition d as 

d = 1 + . . . + 1 + P+ ■ ■ ■ +P + ■ ■ ■ + f + ■ ■ ■ +p\ . 

ao times ai times a r times 

This induces the required embedding of rii(^V) ai m ^d- Now, using Lemma |3~T1 and Corol- 
lary we get 

= ^a.b'-ll/fr-l) 

i 

E» a iP l - T,i a i 
p-i 

d - Ej 
p-i 

= « P (d!) 

Thus SylpCSrf) ~ Syl p (n 4 (S pl ) a *) - IL Syl p (S p O ai whi ch is of the form claimed using Propo- 
sition 13.31 □ 



3.1.1 The normalizer of Syl p (S p ) 

Here we consider the Sylow p-subgroup C p = (~f p ) of £ p . 
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Lemma 3.5. There is an embedding <f> : Aut(C p ) >—> E p such that for all a G Aut{C p ) we 
have a.7 P = 0(a)7 P </>(a) _1 . 

Proof. We begin by noting that Aut(C p ) ~ (Z/p) x where s.7 P — 7 p . Let 1 ^ s 6 (Z/p) x . 
Then s + 1, s 2 + 1, . . . , s p_1 + 1 are all distinct modulo p and (writing p for £ Z/p) we 
have a (p — l)-cycle (s + 1 s 2 + 1 . . . s p_1 + 1). We define a map : Aut(C p ) — > S p by 
0(s) = (s + 1 s 2 + 1 . . . s p_1 + 1). Then it is straightforward to check that this gives 
an embedding of Aut(C p ) in E p . Further, the action of Aut(C p ) on C p is now given by 
conjugation, that is 0(s)7 P (^>(s) _1 = 7 p = s/y p . □ 

Corollary 3.6. FFif/i ifte embedding of Lemma \3.5\ we have Ns p (C p ) = Aut{C p ) x C p . 

Proof. By Lemma 13.51 we can view Aut(C p ) as a subgroup of E p and, further, Aut(C p ) ^ 
N-z p {C p ). Since Aut(C p ) n C p = 1 we have Aut(C p ).C p = Aut(C p ) k C p by Proposition |2H 
Thus, as C p is normal in Aut(C p ) x C p , it remains to show that N^ p (C p ) C Aut(C p ) k C p . 

Take cr G iVs p (C p ). Then <77 p cr _1 = 7 p for some s and therefore there is t G Aut(C p ) with 
<77 P <7 = T7 p r _1 so that (t _1 (t)7 p (t _1 (t) _1 = 7 p . But, remembering that 7 P = (1 . . .p), this 
identity means that (1 . . .p) = ((t _1 <7)(1) . . . [r^ 1 a){p)) whereby we must have (r~ 1 a)(a) = 
a + k for some k; that is t _1 <t = 7^ so that a = r.7 p G Aut(C p ).C p = Aut(C p ) k C p . □ 



3.2 The Sylow ^-subgroups of the finite general linear 



Let if be a finite field. Let Td = (K x ) d be the maximal torus of GLd{K) and recall from 
Section ^. 1.5l the embedding of E<2 as a subgroup of GLd(K) given by a n> (07,), where 



We are interested in the structure of Nd = E^Td, that is the set 

{g G GLd(K) I g = a(bi, . . . , 6<j) for some er G E^ and some (61, . . . , bd) G T^}. 

We will show that this is a subgroup of GLd(K) and that, whenever v p (\K x |) > 0, it contains 
one of GLd(Kys Sylow p-subgroups. 

Lemma 3.7. Let (bi, ... , 6<j) G and er G E^. Then 



groups 




otherwise. 



1 if <r(j) = * 



ct(6i,. . . ,b d )cr 



(&o~i(l)i • • • ) ^ff-l(d)) 



and ftence E d < A Gid(K )(r d ). 



Proof. It is a straight forward calculation to check that 



(a(b 1: . . . ,b d )) 



{ 



otherwise 



((^o- 1 (l)) • • • i &o- 1 (d)) cr )ij- 



□ 



Corollary 3.8. is a subgroup of GLd(K) isomorphic to E^ tx X^. 



Proof. Since E^ n = 1, this is a straight application of Proposition 12.41 



□ 
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Corollary 3.9. The map Y*dlK x — > Nd given by (a; b\ , . . . , bd) H> a(b\,...,bd) is an 
isomorphism of groups. 

Proof. Follows immediately from 13.71 and 13.81 □ 
We have the following alternative characterisation of Nd- 

Proposition 3.10. Nd is the normalizer ofTd in GLd(K) with associated Weyl group E<j. 

Proof. Let g £ N GLd ( K ){Td) and choose a £ K x with a / 1. Take any 1 < s < d and 
define e s = (a, . . . ,a,l,a, . . . ,a) with 1 in the s th place. Write ge s g^ x = [b\, . . . , 6^). Then 
ge s = (6i, . . . , bd)g. By consideration of the (i, fc) th entry we get the equations gi S = big is and 
.9ifcO = bigik for fc ^ s. Now, since g is invertible we can find i with ^ 0. Then = bigi S 
whereby bi = 1. Hence, for k ^ s, we have gik = gik& so that, since a / 1, we get <?jfc = 0. 

Summarising, for any s there is i = i(s) such that gi S ^ and gik = for all k ^ s. Since 
g is invertible each i(s) must be distinct, that is i is a permutation of {1, . . . , d}. It follows 
that g £ T, d Td = N d . Thus N GLd[K) {T d ) ^N d ^ N GLd(K) {T d ) so we have equality. 

For the Weyl group, it is not hard to show that the centralizcr of Td in GLd(K) is just Td 
by a similar calculation to the above so that 

W GLd(K) (T d ) = N GLd{K) {T d )/C GLd(K) (T d ) = Nd/Td = £„. □ 

Lemma 3.11. Let I be a prime different to p and let q = V for some r . Let a be the order 
of q in (Z/p) x and put m = I . Then 

v p {\GL d (¥ q )\) = mv p (q a - 1) + v p (m\). 

Proof. By the fact that GL d {¥ q ) consists of all d x d matrices of maximal rank, there are 
q d — 1 choices for the first column, q d — q choices for the second and so on. Hence we get 

\GL d (¥ q )\ = (q d -l)(q d -q)...(q d -q d - 1 ) 

= q 1 +-+( d - 1 Hq d ^l)(q d - 1 -l)...(q-l). 

Thus, since q is coprime to p, using Proposition 12.331 we have 

v p (\GL d (¥ q )\) = v p ((q d -l)(q d - 1 -l)...(q-l)) 

d 

= ]>> P (<f-l) 

S = l 

m 

= ]TM<? a -l) + tv(fca)) 

= mv p (q a - 1) + v p (ml), 
as claimed, where we have used the fact that v p (ka) = v p {k) since a is coprime to p. □ 
Proposition 3.12. Let K be a finite field such that v p (\K x |) > 0. Let P n be a Sylow p- 

k 

subgroup of and Pi = {a G K x \ a p =1 for some k} be the p-part of K x . Let P be the 
image of Pq I Pi in Nd- Then P is a Sylow p-subgroup of GL d (K). 
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Proof. Choose an isomorphism K ~ ¥ q , where q = V for some prime I necessarily different 
from p. Applying Lemma 13.111 then gives v p (\GLd(K)\) = dv p (q — 1) + v p (d\). On the 
other hand, since Pq and P\ are Sylow p-subgroups of E^ and K x respectively, we have 
Up(|-Po|) = v p (d\) and i> p (|Pi|) = v p (q — 1) so that 

VpQP\) = M\ p lPl\) = V P (\P \) + v p (\P?\) = v p (dl) + dv p (q - 1) 

showing that P is indeed a Sylow p-subgroup of GLd(K). □ 

Remark 3.13. Suppose that v p (\K x |) > 0. Note that for d < p we have v p (d\) = so that 
Syl p (Erf) = 1 and hence Sy\ p (GLd(K)) = Syl (Td), which is abelian. For d > p the Sylow 
p-subgroup Pq of Ed is non trivial and the corresponding Sylow p-subgroup of GLd{K) is no 
longer abelian. 

The Sylow p-subgroups of GLd(K) for v p (\K x |) = are harder to get a handle on, although 
we do have the following result, valid when d < p. 

Proposition 3.14. Let d < p and let K = ¥ q , where q = l r for some prime I different to p 
and some r. Let a be the order of q in (Z/p) x and put m = \ — \ . Choose a basis for ¥ q a over 
¥ q to get an embedding ¥ q a >— > GL a (¥ q ). Then, using this embedding, we can view (¥ qa ) m as 
a subgroup of GLd(¥ q ) and, writing P2 — Syl p (¥ qa ), we find that P™ is a Sylow p- subgroup 
ofGL d (¥ q ) = GL d (K). 

Proof. We have v p {\GL d {K)\) = mv p {q a - 1) + v p {m\) = v p {{q a - l) m ) = v p (\(¥ qa ) m \). □ 

3.3 The Abelian p-subgroups of GL p (K) for v p {\K x \) > 0. 

Here we specialise to the general linear groups of dimension p. To begin with we look at 
the abelian p-subgroups of N p = E p .T p ^ GL p {K) which, by earlier work, contains a Sylow 
p-subgroup of GLp(K). Let 7T : N p -» E p denote the projection a(bo, . . . , i-> cr. For the 
remainder of this chapter we will omit the subscripts and write N for N p and T for T p . We 
will also write v = v p (\K x |), which will be positive by assumption. 

Lemma 3.15. Let A be a p-subgroup of N. Then either A ^ T or ir(A) < E p is cyclic of 
order p, generated by a p-cycle. 

7T 

Proof. By Proposition [379] there is an exact sequence of groups T <-} N -» E p and this shows 
that either A ^ ker(7r) = T or ir(A) is a non-trivial p-subgroup of E p . Since v p (|E p |) = 
v p (p\) = 1 the latter case means n(A) is cyclic of order p. To see that it (A) is generated by 
a p-cycle, take a generator of tt(A); the cycle decomposition of this generator contains only 
p-cycles (by consideration of its order). As the cycles are disjoint there can only be one. □ 

Lemma 3.16. Let a £ N with 7r(a) ^ 1 in E p . Then if b S T we have conj a (b) = conj^^{b). 
Hence conj a permutes the coordinates of T by a non-trivial cyclic permutation. 

Proof. For the first statement, using Lemma 13.151 write 7r(a) = a for some non-trivial p-cycle 
a so that a — aa! for some a! £ ker(-7r) = T. Then for b G T we have 

conj a (6) = o-a'b(a')~ 1 o-~ 1 
= aba' 1 
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where the second equality uses the fact that T is abelian. By Lemma [6. 71 we see that conj a 
permutes the coordinates of T by a non-trivial cyclic permutation, as required. □ 



Definition 3.17. Let A ~ K x denote the diagonal subgroup of T, and let A p ^ A denote 
the p-elements of A. Note that A p is cyclic of order p v . 

Lemma 3.18. Let A be an abelian p-subgroup of N with A —> £ p non-trivial. Then we have 
ADT ^ A p . 

Proof. Let a G A with 7r(a) ^ 1. Then, since A is abelian, we get conj a (a') = a' for all 
a' £ A. If a' G An T, then since 7r(a) ^ 1 we can use Lemma T3. 161 to see that all coordinates 
of a' must be equal. That is, we must have a' G A. Since A is a p-group we get APiT ^ A p , 
as required. □ 

Corollary 3.19. Let A be an abelian p-subgroup of N with A — > £ p non-trivial and let a G A 
map to a generator ofTr(A). Then a p G A p . 

Proof. We have n(a p ) = n(a) p = 1 so that a p G ker(?r) = T. Thus a p G T n A < A p by 
Lemma 13351 □ 

Corollary 3.20. Let A be an abelian p-subgroup of N with A — > £ p non-trivial and let a G A 
map to a generator ofn(A). Then A < {a}.A p . 

Proof. By Corollarv l3.19l we have a p G A p . Now, let a' G A and write n(a') — Tr(a) k for some 
< k < p. Then a~ k a' G ker(-7r) (~l A < A p so a' G (a).A p . Thus we have A ^ (a).A p . Note 
that {a).A p is a subgroup of N since A p is contained in the centre of N. □ 

We are now ready to give a coarse classification of the abelian p-subgroups of N. 
Proposition 3.21. Let A be an abelian p-subgroup of N. Then either 

1. A^T, 

2. tt(A) is non-trivial and A is cyclic of order p v+1 , or 

3. 7t(j4) is non-trivial and A is N -conjugate to a subgroup of (7). A, where 7 denotes the 
standard p-cycle (1 . . .p) G S p . 

Further, all those of type 2 are N -conjugate. 

Proof. Suppose A ^ T. Then we know from Lemma 13.151 that 7r(A) is cyclic of order p, 
generated by a p-cycle, a say. Take a € A mapping to a. Then a 9 G A p by Corollarv l3.19l 

If a p is a generator of A p then a p + =1 and, from Corollary 13.201 

A ^ {a).A p = (a).(a p ) = (a) < A 
so that A = (a) is cyclic of order p v+1 . 

Otherwise, a p — 6 P for some 5 — (S, . . . , 5) G A p . Since a is a p-cycle, by basic combinatorics 
there is a permutation r G S p such that tot~ 1 = 7. Put A' = tAt^ 1 and a' — rar^ 1 . Then 
we have Tr(a') = tot~ x = 7 and ir(A') = (7). Further, (a') p = to p t- 1 = t5 p t- 1 = S p . 
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Write a 1 — 7.(61, ... , b p ) for some (&i, . . . , b p ) £ T. Then an application of Lemma 1X71 gives 

(a') p = 7.(61, . . . , bp) . . . 7.(61, . . . , bp) = j p .(h ...bp,..,,bi...bp) = (bx...bp,...,bi...bp) 

so that b% . . . bp = S p . Now, putting u = (1, &i<5 _1 , 6i62^ -2 , . . . , 61 . . . 6 p _i<5 - ( p-1 - ) ) we see that 

uju- 1 = (1, hS-\. 6 p _ 1 <5-(p- 1 >)7(1, M _ \ . . . , 61 . . . 6 p _ 1 <5-(p- 1 ))- 1 

= 7-(6i<T\ . . . , h . . . 6 p _ 1< 5-(f- 1 ), 1)(1, b^S, . . . , . . . 6;_ 1 1 ^- 1 ) 

= 7.(61 8-\...,bp5- 1 ) 
= a'8-\ 

It follows that u~ x a!u = 7<5 so that 

(u-Vj.Afu-V) -1 = u^A'u < u-^^O-A^ = ^(aV.A = ( 7 «J).A = ( 7 ).A 

using Corollary 13.201 Hence A is conjugate to a subgroup of (7}. A. 

For the final statement, take A = (a) of type 2, that is cyclic of order p v+1 . Then we know 
that there is a generator 5 £ A p with a p = S. 

Now, 7r(a) is a p-cycle and so we can choose r £ S p with T7r(a)T _1 = 7 = (1 . . ,p). Note 
that (t<2t -1 ) p = tSt^ 1 = 5 since 5 is in the centre of N. Hence A is conjugate to the group 
tAt^ 1 which is cyclic of order p v+1 generated by an element of the form 7(61, . . . , 6 p ) with 
the property that (61 . . . b p , . . . , 61 . . . 6 p ) =5. 

By the above working, taking two subgroups of type 2, A and A' say, we can assume, without 
loss of generality, that they are generated by elements a = 7(61, . . . , 6 P ) and a' = 7(6^, . . . , b' p ) 
with 61 . . . 6 p = b[ . . . b' p . Now putting u = (6i(6' 1 ) _1 , . . . , 61 . . . 6 p _i(6' 1 . . . 6 p _i) _1 , 1) it is a 
straight forward calculation to check that 

u.a.u^ 1 = 14.7(61 . . . , 6 p ).m~ 1 = 7(61, . . . , b' p ) = a' 

showing that A and A' are iV-conjugate, as required. □ 

We are now able to give a stronger statement about the abelian p-subgroups of GL p (K) . Let 
ao denote a generator of the p-part of K x ~ C p v. As usual, we let 7 = j p = (1 . . . p) € S p 
denote the standard p-cycle. Put a — 7(00, 1,...,1) £ Y, p l K x C GL p (K) and let A = (a). 
Note that a p = (ao, . . . , ao) so that a p =1 and A is a cyclic subgroup of GL p (K) of order 
// • 1 . 

Proposition 3.22. Let H be an abelian p-subgroup of GL p (K). Then H is GL p (K)- 
conjugate to either a subgroup of T or to A. 

Proof. By Sylow's theorems we know that H is GL p (-ftT)-conjugate to a subgroup of P ^ N . 
Thus, by Proposition 13.211 it is conjugate to either a subgroup of T, A or a subgroup of 
( 7 ).A P . We will assume the latter case and show that H is actually GL p (K )-conjugate to a 
subgroup of T . 

We can assume, without loss of generality, that H is itself a subgroup of (7} -A. Let 
7(6, ...,6) £ H where 6 £ K x . Then, for any g £ GL p (K), we have (7.7(6, . . . , 6).<7 _1 — 
573^ 1 (6, . . . , 6) since (6, . . . , 6) £ Z(GL p (K)). Thus it remains to show that 7 is diagonalis- 
able. 
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Let u be a generator of K x ~ C p v . For k = 0, . . . ,p — 1 put 



Then 



f k = 



\ 



.hp"- 1 



V u 



fe(p-l)p"- 1 



g (if x ) p . 



w fe(p-i) P " 
1 



V 



.ftp"- 1 



fe(p-l)p" 



Thus Vk is an eigenvector of 7 with eigenvalue u fcp . Hence 7 has distinct eigenvalues 
1, w pt,_1 , . . . , and so, putting g — (v \ . . . we find that g is invertible and 



g-\ 1 {b,...,b).g = g 1 g- 1 {b,...,b) = {l,uV V 



u 



(p-i)p"- 1 



)(b,...,b) GT. □ 



Later we will need some understanding of the action of Nq l p (k) {A) on A. We can understand 
this as follows. 

Lemma 3.23. Let g G Nql p (k)(A). Then, writing a for the usual generator of A, we have 
gag^ 1 = a 1+hpV for some ft. 



Proof. If g G N GL ^ (A) then gag -1 — a s for some s not divisible by p. But a p G A and 
hence a p = gaPg~ x = {gag^ 1 ) p = a sp = (a p ) s . It follows that p = ps mod p v+1 so that 
p(s — 1) = mod p v+1 and therefore s = 1 mod p v . □ 
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Chapter 4 



Formal group laws and the 
Morava E-theories 

4.1 Formal group laws 

We outline the basic theory of formal group laws, covering only the material needed for the 
development of this thesis. For more comprehensive accounts of the area see |Fro68j . [Haz78 
or |Rav 86 . As before, all rings and algebras are commutative and unital. 

4.1.1 Basic definitions and results 

Definition 4.1. Let R be a commutative ring. A formal group law over R is a power series 
F(x, y) £ Rfx, yj such that 

1. F{x,0) = x, 

2. F{x,y) = F(y,x), 

3. F(F{x, y),z) = F(x, F(y, z)) in R\x, y, zj. 

We sometimes refer to axioms 1-3 above as identity, commutativity and associativity for F 
respectively. 

Examples 4.2. The two easiest examples of a formal group law (defined over any ring) are 
the additive formal group law, F a (x,y) — x + y, and the multiplicative formal group law, 
F m (x,y) = x + y + xy. These examples are atypical, however: most formal group laws are 
genuine power series as opposed to polynomials. 

It is perhaps not too surprising that a lot can be said about the form of such power series. 
We start with the following lemma. From here on F will denote a formal group law over a 
commutative ring R. 

Lemma 4.3. F(x, y) = x + y mod (xy). 
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Proof. Write F(x,y) — • aijX l y J with a%j £ R. Since F(x, 0) = x we get aio = 1 and 
a/o = for i ^ 1. Similarly oqi — 1 and aoj = for j ^ 1. But modulo (xy) we have 
°y = «oo + X«>o a ^x z + J2 3 >a a Qj xt = x + y, as required. □ 

Lemma 4.4. (Formal inverse) For any formal group law F there exists a unique power series 
l{x) € R^x\ such that F(x,l{x)) = 0. 

Proof. We dehne l(x) inductively. Put l\{x) — — x. Then we have F(x, i\ (x)) = x+ (— x) = 
mod (x 2 ) by the previous lemma. Suppose now that we have a power series tfc(cc) such that 
F(x,i k (x)) — mod (x k+1 ) and ik{x) — mod (x). Write F(x, L k (x)) = ax k+1 mod 
(x k+2 ) and put Lk+i{x) = ik{x) — ax k+1 . Then for any j > 0, working modulo (x k+2 ) 
we have Lk+i(x)^ — (ife(^) — ax k+1 y — ife(x) J (since x\Lk(x)) and similarly x 3 ik+i(%) = 
x J (ik(x) — ax k+1 ) = xHk(x). It follows that F(x, Lk+i(x)) = F(x, Lk(x)) — ax k+1 = mod 
(x k + 2 ). 

Put l(x) = lhufc^oo Lk{x) which, since ik{x) = Lk+i(x) mod (x k+1 ), is a well defined power 
series with F(x, l{x)) = mod (x k ) for all k; that is F(x, l(x)) = 0. It is not hard to see that 
any other f(x) with this property must have f(x) — tfc(x) = l(x) mod (x k+1 ) for each k so 
that f(x) — i(x), proving uniqueness. □ 

Corollary 4.5. With the notation of Lemma \4--4\ we have l{l(x)) = x. 

Proof. This is an immediate consequence of uniqueness and commutativity. □ 

Definition 4.6. We usually write x +f y for F(x, y) and refer to this as the formal sum of 
x and y. The axioms of Definition 14 . 1 1 then translate as 

1. x +p = x, 

2. x+ F y = y + F x, 

3. (x +Fy)+F z — x + F (y + F z). 

Note that we may now use expressions of the form x +f y +f z with no ambiguity. 
Lemma 4.7. l(x +f y) = i(x) +f L {y)- 

Proof. We have (x+py)+F (<>(x)+f = x+f y + f t{y) + f l{x) = 0. Thus, by uniqueness, 
l(x +p y) = t(x) +f t(y), as required. □ 

Definition 4.8. We sometimes write — fx for l(x) and define x —f y to be F(x,c(y)). For 
any m £ N we define [m]i?(a;) = x +f ■ ■ ■ +f x (m times) and [— m\p(x) = [m](t(x)). We 
call [m]f(a;) the m-series on x. When there is no ambiguity we may simply write [m](x) for 
[m] F (x). 

Lemma 4.9. For any m G Z we have [m\{x +f y) = l m ](x) +f l m ](y)- 

Proof. This follows straight from symmetry, associativity and Lemma [4.7l since we can reorder 
the terms in the formal sum however we like. □ 

Lemma 4.10. For any m,n gZ we have [m + n](x) = [m](x) +f [n](x). 
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Proof. If one of m or n is zero the result follows immediately since x +f — x. The cases 
to, n > and to, n < are exercises in counting. Hence we can assume, without loss of 
generality, that m > > n. Note that [— n](x) = [n](t(x)) = t([n](a;)) by Lemma 14771 so that 
we can take m,n > and prove [to — u](a:) = [to](ie) — p [n](x). 

Suppose first that to — n > 0. Then [to — n](x) +p l n }( x ) = [ m K x ) an d hence [to — n](x) = 
[m](x) +f L([n](x)) = ["^(a;) ~F [n](x), as required. If, on the other hand, to — n < we have 
[n — m](x) = [n](x) — p [to] (a;) by the previous workings and then 

[to — n](x) = [n — m](i(x)) = i([n — m](x)) = i([n](x) —f [m](x)) = [m](x) —p [n](x). □ 

Lemma 4.11. [to](x) = mx mod {x 2 ) 

Proof. This is a simple induction argument. We know [l](x) = x. If [fe](x) = kx mod (x 2 ) 
for some k then [k + l](x) = [k](x) +p x = [k](x) +x mod (x[k}(x)). It follows that, modulo 
(x 2 ), we have [k + l](x) = [fc](x) + x — kx + x = (k + l)x. Hence [to](cc) = mx mod (x 2 ) for 
to > 0. For to < we have [to] (a;) = —p[—m](x) and the result follows. □ 

Corollary 4.12. [to](x) is a unit multiple of x in if and only if to G R x . 

Proof. By the previous result we have [to] (a;) = x.f{x) for some power series f(x) with 
constant term to. Any such series is a unit in R^xJ if and only if the constant term is 
invertible. □ 

Definition 4.13. We write (ro)(x) for the divided m-series on x which is defined to be 
[m)(x)/x. Note that, by the above result, this is a unit in i?[[xj if and only if to £ R x . 

Lemma 4.14. x —p y is a unit multiple of x — y in R§x,y\. 

Proof. Using Lemma 14.31 we have x = x —p y +f y = x —p y + y + (x — p y)yf{x, y) for 
some f(x, y) £ R\x, y\. Thus we get (x —p y){\ + yf(x, y)) = x — y. Since 1 + yf(x, y) has 
invertible constant term it is a unit in R\x, y\ and we are done. □ 



4.1.2 Formal logarithms and p-typical formal group laws 

We fix a prime p and make the following definitions. 

Definition 4.15. Given formal groups F and G over a ring R, we define a homomorphism 
from F to G to be a power series fix) £ R\x\ with zero constant term such that f(F(x, y)) = 
G(f(x),f(y)). Such a power series is an isomorphism if and only if f(x) is invertible under 
composition, that is if there is g(x) with f(g(x)) — x = g(f(x)). Note that this occurs 
precisely when the coefficient of x is invertible in R. We call an isomorphism of formal 
groups strict if f(x) = x mod x 2 . 

This construction allows us, should we so desire, to form a category of formal groups laws 
FGL(R) over any ring R. 

Proposition 4.16. Let F(x,y) be a formal group law over a Q-algebra R. Then there is 
a unique power series If(x) £ R^xJ such that If(0) = 0, If (0) = 1, and lp(F(x,y)) = 
If(x) + lp{y). That is, F is canonically isomorphic to the additive formal group law F a . 
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Proof. This is proved in |Rav861 Theorem A2.1.6]; if we write F 2 (x, y) — dF/dy the series 
If{x) which does the job is given by 

Definition 4.17. A strict isomorphism between a formal group law F and the additive 
formal group law x + y is known as a formal logarithm for F and written \og F (x). By 
Proposition 14.161 such a thing exists uniquely if R is a Q-algebra. Of course they can also 
occur for other rings. 

Definition 4.18. Let F(x, y) be a formal group law over a torsion-free Z( p )-algebra R. Then 
we call F p-typical if it has a formal logarithm of the form \og F (x) = x + ^2 i>0 kx p over 

Our next result concerns one such p-typical formal group law. 

Proposition 4.19. Let n be a positive integer. Then there is a p-typical formal group law 
F over r L v \u,\, . . . , U n _i] such that 

\p](x) = exp F (px) +F U\X P +f ■ ■ ■ +f u n -\x v +f x p , 
where exp F (a;) is the inverse to log F (x). In particular, 

\p](x) = UiX p mod (p,ui,...,Ui-i,x p+ ). 

Proof. We give the logarithm for F explicitly, following [Str97j pp. 204-205] which in turn 
follows Rav86, Section 4.3]. Let 1 be the set of non-empty sequences of the form I = 
{i\, . . . ,i m ) with < ik < n for each k. We define |/| = m and ||/|| = i% + . . . + im- 

Letting j k = J2i<i<k we P ut u i = ElfcLi u tu = u h - u i2 • • ■ u irl ™ 1 ( wnere we use tne 
convention u n = 1). We then let 

l{x) = x + x p>II>l S Q p [ui, . . . , u„-il[a:] 

and put F(x,y) = l^ 1 (l(x) + l{y))- It can be shown that l(x) satisfies a functional equation 
of a suitable form so that the functional equation lemma can be applied (see Haz78] ) and F 
is in fact a formal group law over Z p fu\, . . . , 

For the statement concerning the p-series, it suffices to show that 

l(\p](x)) = l(ex.p F (px) +F UiX P + F ■ ■ ■ +F Un-\X V +_F X P ) 

as the result would follow on applying l^ 1 . Now, using the notation u n = 1 for simplicity, 
we have 

l(exp F (px) +f uix p +f ■ ■ ■ +f u n -ix p +f x p ) = px + l(uix p ) + . . . + l(x p ) 

n 

= px + l(ujX pJ ). 

J'=l 

Given I £1, write = . . . , i m ,j). Then = \I\ + 1, \\I(j)\\ = \\I\\ + j and 
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uj(j) — uj.u P . Thus 

l{u 3 x p] ) = ujaS +E^|(«^) p,mi 



pi- 



Uj 

p.—x 



p + pz^„i/i+i^ * 

' /el ^ 



Hence 



= P(J(*)) 

= %](*)) 

and we are done. □ 

Corollary 4.20. Let n be a positive integer and let l(x) — ^2 i>0 x p jp l G QpJxJ. Then 
there is a formal group law F\{x,y) G Z p [[x, with \og Fi (x) — l(x) over Q p . Further, 
[p](x) =l- 1 (px) + Fl x p \ 

Proof. These claims all follow easily by reducing the results of Proposition 14.191 modulo 
(ui, . . . , u n -\). The proof of the final statement is, perhaps, worth including as a simplified 
version of the proof of the corresponding result in 14.191 We have 

i(r 1 (px)+ Fl x pn ) = i(r 1 ( P x)) + i{x pn ) 



i>0 

i+i 



px+p^^x p + jp 



„("+!)< 

v 

i>0 

which is easily seen to be pl(x) — l([p](x)). Applying l^ 1 we get the result. □ 

Remark 4.21. If we define Fq(x, y) to be F\{x, y) reduced mod p (a formal group law over 
F p ) then it can be shown that F is the universal deformation of Fq (see Si r97j and |LT66j V 
We will later use F to define our cohomology theory. 



4.1.3 Formal group laws over fields of characteristic p 

Lemma 4.22. Let F be a formal group law over a field K of characteristic p. Then either 
\p](x) = or there exists an integer n > such that \p](x) = ax p mod (x p +1 ) for some 
aeK x . 

Proof. This is covered in |Rav86j . In fact this is a special case of a more general result, 
namely that any endomorphism / of F is either trivial or is such that f(x) = g(x p ) for 
some g(x) G with <?'(0) ^ and some n > 0. Since [p](x) is an endomorphism of F and 
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\p](x) = px = modulo x 2 it follows that either [p](x) = or [p](x) has leading term ax p " 
for a £ K x and some n > 0. □ 

Given a formal group law F over if of characteristic p we define the height of F to be the 
integer n occurring in Lemma 14.221 or oo if [p](x) = 0. This is an isomorphism invariant 
(that is, isomorphic formal group laws have the same height). Further, for any field K of 
characteristic p there exists a formal group law of height n for each n > (sec Rav86j). 

Given a complete local Z p -algebra (R, m) (that is, a complete local ring with p £ m) and a 
formal group law F over R we can reduce the coefficients of F modulo m to get a formal 
group law Fo over R/m which is a field of characteristic p. We then define the height of F 
to be the height of its mod-m reduction Fq. 



4.1.4 Lazard's ring and the universal formal group law 

Definition 4.23. Given a ring homomorphism <j> : R — > S and a formal group law F over R 
we obtain a new formal group law 4>F over S by applying cf> to the coefficients of F. Note 
that if \og F exists then, by uniqueness, log^ exists and is equal to 4>\og F . 

The following is a result of Lazard. 

Proposition 4.24. There is a ring L and a formal group law F un i v over L such that for any 
ring R and any formal group law F over R there is a unique homomorphism <j) : L — > R such 
that <j)F umv = F. 

Proof. Let 5 be the polynomial ring over Z generated by symbols {ai j \ i,j > 0}. Let G be 
the power series G(x, y) = ^ ■ ai.jX l y^ £ S\x, y\. Then, letting / be the ideal in S generated 
by the relations that would force G to be a formal group law, on passing to the quotient ring 
L = S/ 1 we get a formal group law i^univ over S/I. Given any formal group law F over R 
there is a unique map S — > R sending a^j to the coefficient of x l y° in F(x, y). It is clear this 
map factors through a map <j> : S/I —> R which has the properties claimed. □ 

The ring L is often referred to as Lazard's ring and -Funiv the universal formal group law, for 
obvious reasons. We will see later that L has a fundamental role in the development of a 
certain class of cohomology theories, of which the Morava F-theories are examples. 



4.1.5 The Weierstrass preparation theorem 

Let (R, m) be a complete local ring. Then f{x) — J2i a i xl ^ is a Weierstrass series of 

degree d if do, ■ ■ ■ , dd-l 6 Tn and e R x . We call / a Weierstrass polynomial (of degree d) 
if, in addition, at — for all i > d, that is if / is in fact a polynomial of degree d. We have 
the following theorem. 

Lemma 4.25. (Weierstrass preparation theorem) Let (R, m) be a (graded) complete local 
ring. If f(x) £ R^xJ is a Weierstrass series of degree d there is a unique factorisation 
f{x) — u(x)g(x) where g(x) is a Weierstrass polynomial of degree d and u(x) is a unit in 
Rfx}. 

Proof. This is proved in jLan78j ■ □ 
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Corollary 4.26. If f(x) G R^xJ is a Weierstrass polynomial of degree d then R§x^/(f(x)) 
is a free R-module of rank d with basis {1, x, . . . , a; d_1 }. 

Proof. By the Weierstrass preparation theorem f{x) is a unit multiple of a monic polynomial 
of degree d and the result follows. □ 

We see the relevance of this diversion in the following result. 

Proposition 4.27. Let F be a formal group law of height n over a (graded) complete local 
lip-algebra (i?,m). Then, for each r, [p r ](x) is a Weierstrass series of degree p nr . 

Proof. Since F has height n we know that [p](x) = ax p modulo m, x p +1 for some a G 
(i?/m) x . Thus, writing [p](x) = J2i a i x \ we have a,Q, . . . , a p n_i g m and, since a p ™ is 
invertible modulo m, there is b G R with a p nb = 1 — m for some m G m. Then a p nb(l + m + 
to 2 + . . .) = (1 — m)(l + m + m 2 + . . .) = 1 so that a p ™ G i? x and [p](s) is a Weierstrass series 
of degree p n . Using the fact that [p t+1 ]{x) — [p]{[p l ](x)) it then follows easily that [p r ](a;) is 
a Weierstrass series of degree p nr . □ 

Corollary 4.28. Let F and R be as above. Then R^x^ / ([p r ](x)) is free over R of rank p nr 
with basis {l,x, ... ,x p 

Definition 4.29. Let F be the formal group law over Z p [iti, . . . , u„_ij of Proposition 14. 191 
Then, using the Weierstrass preparation theorem, we define g r (t) to be the Weierstrass 
polynomial of degree p nr which is a unit multiple of [p r ]p(t) in Z p |[ui, . . . , u n J[f]. 



4.1.6 Formal group laws over complete local Z p -algebras 

Lemma 4.30. Let (i?,m) be a complete local Tip-algebra and let F be a formal group law 
over R. Then, writing VHm x \ for the maximal ideal of R\x\, we have [p r ]{x) G (m^[ x ]) r . 

Proof. Working modulo m we find that either [p](x) = or [p](x) = ax p mod (x p +1 ) for 
some n; in either case we conclude that \p](x) G m^^]. Noting that the [p](0) = a simple 
induction argument shows that [p r+1 ](x) = [p]([p r ](a;)) G (mRi x j) r+1 , as required. □ 

This gives us the following useful result. 

Lemma 4.31. Let R be a 7i p -algebra and F a formal group law over R. Then given any 
«6Zp there is a well-defined power series [a](x) G R^xJ such that 

1. if a G Z then [a]{x) coincides with the standard a-series on x, 

2. [a]{[b]{x)) = [a.b](x), and 

3. if [cLi) is a sequence in Z p converging to a then [aj](x) converges to [ft] (a:) in R^xJ. 

Proof. Take a G Z p and write a = ai P l an< ^ P u ^ ak ~ Si=o a iP % ■ Then, using Lemma 

14.141 we have 

[afc+i] (x) ~ [ak] (x) - [a k +i] (x) - F [a k ] (x) = [a k+1 p k+1 ] (x) = [a k +i]([p k+1 }{x)), 
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where a ~ b denotes that a is a unit multiple of b. Hence [atfc+i] (x) — [ctk] (x) £ ( m Rfxj) k+1 
using Lemma 14.301 and the limit 

MO) = [J2Zo a ^] ( x ) = , lim ( x ) 

K — ►OO 

is well defined. It is straightforward to check that this definition of [a] (x) satisfies the prop- 
erties listed. □ 

Lemma 4.32. Let R be a torsion-free Z p -algebra and F a formal group law over R. Then, 
for any a GZ p , we have log F ([a](x)) = alog F (x). 

Proof. First note that, for any x and y, 

\og F {x) = (log F (x) - log>(y)) + \og F {y) = log F (log^ 1 (log ir (a:) - \og F {y)) +f y)- 

Hence x = log^ 1 (log F (a;) - \og F {y)) +f V so that log F (x - F y) = log F (x) - log F (y). Then 
for a G Z p , using the notation of the proof of Lemma 14.311 we have 

log F ([a\{x)) - log F ([a fc ](x)) = log F ([a](x) f M(x)) = log F (E~ fe+1 a&'Kx)) 

which lies in (TOrm) +1 , so that 

log F ([a](x)) = lim log F ([a k ](x)) = lim a k log F (x) = alog F (x). □ 

k— >oc k— >oo 

Lemma 4.33. Let R be a torsion-free TL v -algebra and F a p-typical formal group law over 
R. Then, for all k G (Z/p) x , we have \k]{x) = kx, where k denotes the Teichmuller lift of k 
of section ^. 1.31 

Proof. Recall that, by definition, F has a logarithm over Q ® R of the form \og F (x) = 
x + J2i>o ^ ixP ■ L et k G (Z/p) x . Then, since = 1 we have k p — k for all i > 0. Hence 

log F ([fc](x)) = fclog F (x) 

— — kx ~\~ ^ ^ l-ikx^ 
i>a 

= kx + ^""^ lj(kx) p 
i>a 

= \og F {kx) 

The result follows on applying log^ 1 to both sides. □ 

Corollary 4.34. Let R be a torsion-free Tip-algebra and F a p-typical formal group law over 
R. Then (p)([fc](x)) = (p)(x) for all k G (Z/p) x . 

Proof. By Lemma 14.331 we have [p]([fc](x)) = [pfc](x) = [fc]([p](x)) = k[p](x) = kx(p)(x). But 
[p]([fc](x)) = \k}(x){p)([k](x)) — kx{p)([k](x)) and so, since k is a unit and x is not a zero 
divisor in ii[xj, we get (p)([fc](x)) = (p)(x). □ 



4.2 The Morava E'-theories 

We outline the development of the cohomology theories that we will be using. There is 
some variation in the literature, but this definition is consistent with relevant earlier work 
of Strickland and others. Full accounts of this material are not easy to come by, but good 
starting points are |Rav92] and |Rav86j . A thorough treatment of related theory is found in 
[HS99] , 
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4.2.1 Complex oriented cohomology theories 

A (multiplicative) cohomology theory is a contravariant functor from topological spaces to 
graded rings satisfying the first three of the Eilenberg-Steenrod axioms. More precisely, we 
make the following definitions. 

Definition 4.35. We define the category of CW pairs to be the category with objects (X, A), 
where A is a subcomplex of the CW complex X, and morphisms (X, A) — > (Y, B) given by 
continuous cellular maps X — > Y which restrict to a map A — > B. We sometimes write X 
for the object (X, 0). 

A generalised cohomology theory, h, is a contravariant functor from CW pairs to Z-graded 
abelian groups satisfying the following conditions. 

• If /, g : (X, A) -» (Y, B) are homotopic then /* = g* : h*{Y, B) -> h*(X, A). 

• Writing i : A X and j : X (X, A) there are connecting homomorphisms d q : 
h q (A) — > h q+1 (X,A) for each q such that there is a natural long exact sequence 



• If U is an open subset of X with U contained in the interior of A and such that 
(X \ U, A \ U) can be given a CW structure, then the map j : (X \ U, A \ U) (X, A) 
induces an isomorphism 



An immediate consequence of the definition is that if X is homotopy equivalent to Y then 
h*(X) ~ h*(Y). We define the coefficients of the cohomology theory to be the graded abelian 
group h* = h*(pt), where pt is the one-point space. Note that for any space X there is a 
unique map X pt giving a map h*(pt) — > h*(X) which makes h*(X) a module over h* . 

We define a functor h from topological spaces to graded abelian groups known as the reduced 
theory by h*(X) = coker(/i* (pt) — > h*(X)). Note that, by choosing a map pt — > X, we get a 
splitting h*(X) ~ © fc*(pi). 

Often a cohomology theory will have additional structure making the groups h* (A, A) into 
graded rings, commutative in the graded sense so that if a £ h l (X) and b G h^(X) then 
a6 = (— ly^&a. In such a situation we say that h is multiplicative. 

We call a cohomology theory h complex oriented if there is a class x € h 2 (CP°°) such that 
its restriction to ft 2 (CP 1 ) generates ft 2 (CP 1 ) as an /i°-module (see |Ada74j ) . The class x is 
known as a complex orientation for ft,. 

Any complex oriented cohomology theory h with complex orientation x satisfies h*(CP°°) = 
h*lxj and h*(CP°° x CP°°) = h*lwi(x), 7r| (x)] where 7Ti and 7r 2 are the two projection 
maps CP 00 x CP 00 -> CP 00 (again, see |Ada74j ). Since CP 00 = PS* 1 , the commutative 
multiplication map S 1 x S 1 -4 S" 1 gives a product /x : CP 00 x CP°° -4 CP 00 making CP°° 
into an P-space. The induced map n* : h*(CP°°) ->• h*(CP°° x CP 00 ) sends the complex 
orientation x to a power series P(7T*(a;), 7r|(a;)) = F{xt,X2)- 

Lemma 4.36. The power series F(x\,X2) = (J-*(x) is a formal group law over h* . 




h*(j):h*(X,A) 



h*(X\U,A\U). 
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Proof. We check that the axioms for a formal group law hold. Firstly, write j : S 1 — > S 1 x S 1 
for the map z i-> (z, 1). Then the commutative diagram 



h*(CP°°) 




induces 



h*(CP°° x CP 00 ) 




h*(CP°°) 



and one can check that j*(x±) = x and J*^) = so that F(x,0) — j*(F(xi,X2)) — 
j*(fj,*(x)) — x. It is easy to see that, writing r : S* 1 x S 1 — >• S* 1 x S 1 for the twist map, we 
have n o t — and that this, on passing to cohomology, gives F(x\,X2) = F(x2,x\). The 
final axiom is a consequence of the associativity diagram 



S 1 xS 1 x S 1 

(1X1 

S 1 x S 1 



lX/i 



S 1 x 5 1 



□ 



4.2.2 Defining the Morava E'-theories 

We aim to define our cohomology theory E and, in doing so, fix a complex orientation with 
favourable properties. 

Lemma 4.37. Let h be a cohomology theory such that h* is concentrated in even degrees. 
Then there exists y G h 2 {CP°°) such that, for each n > 0, h*{CP n ) = h*\y\/y n and 
h*(CP°°) = h*ly\. In particular h is complex oriented. 

Proof. This is an application of the Atiyah-Hirzebruch spectral sequence 

H*(CP n ;h*) h*(CP n ) 

where H denotes ordinary (singular) cohomology (see |Ada74j for further details). By con- 
sideration of the cellular structure of CP n we have 

A for k = 0, 2, . . . , In 
otherwise 

which, in particular, lies in even degrees. Since h* is also concentrated in even degrees it 
follows that all terms with at least one degree odd in the E^-page are zero and the spectral 
sequence collapses. As usual, writing = ker(/i*(CP n ) — > /i*(skel 2fe (CP™))) we have a 
canonical isomorphism Jf./ Jk+i — H 2k (CP n ; h*) so that, in particular, J1/J2 — h*.x, where 
x is the chern class of the tautological line bundle over CP™. Lifting x under this map gives 
a homogeneous element y n £ J\ C h*(CP n ) of degree 2 such that h*(CP n ) = h*\y n \/y™. 
By naturality, we can make sure the elements yi S /i 2 (CP J ) are compatible for each i and 
hence we get y £ lim h 2 (CP n ). Since the maps h*(CP n ) -> h*(CP n ~ 1 ) are all surjective, 
an application of the Milnor-sequence (again, see |Ada74] ) gives h*(CP°°) = lim h*(CP n ) 
■ Jy] and y is a complex orientation for h. □ 



H k (CP n ;A) = 



37 



We turn our attention to complex cobordism and have the following well known result. 

Lemma 4.38. The complex cobordism spectrum MU is complex oriented and there is a 
canonical orientation xmu G MU 2 (CP oc ). 

Proof. For more details see, for example, |Rav86l Chapter 4]. It is known that MU* — 
Z [04,02, . . .] with Oi| = — 2i, so that MU* is concentrated in even degrees and Lemma T4. 371 
applies. A canonical orientation is the class corresponding to the map 

CP°° = BU(1) ~ MU(1) — > Y?MU. □ 

Now, using the coordinate xmu of Lemma 14.381 we get an identification MU*(CP°°) = 
MU*\xmu\ and, as usual, we use the multiplication map /1 : CP°° x CP°° — > CP 00 to get 
formal group law 

F MU (xi,x 2 ) = (i*(x M u) G MU*{CP°° x CP°°) = MU*lx u x 2 l 

This is classified by a map L — > MU* where L is the Lazard ring and we have the following 
famous theorem of Quillen. 

Proposition 4.39 (Quillen's theorem). The map L — > MU* classifying Fmu is an isomor- 
phism. 

Proof. This is the main result of |Q ui69| and is covered in |Rav92) . □ 

k 

For each prime p and k > 0, let v p ^ G MU* be the coefficient of x p in the p-series for Fmu 
and let I p .k = (v p ,o, v P ,i, ■ ■ ■ , v P .k-i) < MU* . Note that v Pt o — P and I Pt o is dehned to be 0. 
We use the following result of Landweber. 

Proposition 4.40 (Exact functor theorem). Let M be an MU* -module. Then the functor 
X i—> M ®mu* MU*(X) defines a homology theory if and only if for each prime p and each 
k > multiplication by v p ^ in M / I p ^M is injective. In particular, there is a spectrum E 
with E*(X) = M ®mu> MU*(X). 

Proof. See |Lan76j and [HS99] . □ 

Now, fixing a prime p and an integer n > 0, let R = Z p [ui, . . . , u„_i] [it, it -1 ] and let F be the 
p- typical formal group law over Z p [[iti, . . . , u„_ij of Proposition 14.191 Define a Z p -algebra 
map (j> : Z p [iti, . . . , ~~ ^ R by itj i-> u p ~ 1 .Ui and let cf>F be the formal group law obtained 

by applying <f> to the coefficients of F. We give R a grading by letting each ui lie in degree 
and u lie in degree —2. Then, using Quillen's theorem, 4>F is classified by a map MU* — > R 
which respects the grading. We show that, equipped with this map, the MJ7*-module R 
satisfies the the exact functor theorem. Recall that we have 

[p]f{x) — exp^(px) +_f uix p + F . . . + F u n -ix p + F x p G Z p [ui, . . . , it n -i] W 

so that 

\p]<t>F{y) = exp 0i? (py) u p ~ 1 u 1 y p + c/>F . . . + 4>F u p ' 1 u n -iy p +<p F y p € R{yj. 
We use the following lemma. 
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Lemma 4.41. For any 1 < k < n we have R/I Pi kR = F p []ufc, . . . , it n -ij [u, u^ 1 ] and v Pt k acts 
as multiplication by u p ~ 1 U] t . Further R/I PjTl R = F p [m.u _1 ] and v p ^ n acts as the identity 
map. 

Proof. We proceed by induction on k. For k = 1 we have 

R/I p , k R = R/pR = Fp[«i, . . . , «n_il [u, u" 1 ] 

and [p]0F(y) = u p ~ 1 u 1 y p + ( f ) p . . . 2/ p "- It follows that the coefficient of y p in \p]^f{v) is 

so that v Pt i I— > in R/I Pt iR. The induction step is similar, noting that 

acts as a unit multiple of itfc in R/I p j.R we have R/I p .k+iR — (R/ 'I p ,kR) I 'vp,k(R/ 'Ip,kR) = 

F p [Ufc+l, ...,7Xn_i][w,U -1 ]. □ 

Thus we get the following corollary. 

Proposition 4.42. TTie MU* -module R satisfies the conditions of the exact functor theorem 
and hence there is a spectrum E with E*(X) = R ®mu* MU*{X). 

Proof. The cases with k = are immediate since R is torsion-free. The cases at the prime p 
with 1 < k < n are covered by Lemma 14.411 since multiplication by Uk is injective. For k > n 
we have R/I P ^R — since v PiTl € I p> k and hence 1 £ I p ,kR- If g is a prime different to p 
then q is invertible in R and q G I q .k for all fc > 1, so that R/I q ,kR = and, again, there is 
nothing to check. Hence the conditions of the Exact Functor Theorem hold. □ 

As usual, we can now use the spectrum E to define a cohomology theory. This has the 
following properties. 

Proposition 4.43. The cohomology theory E outlined above is multiplicative and complex 
oriented and there is a canonical map 9x '■ MU*(X) — > E*(X) for each X. In particular, 
the map MU*(CP°°) — > E*(CP°°) sends the complex orientation xmu to an orientation 
x = 9{xmu) which gives rise to the formal group law (j)F. 

Proof. Since E* = R is concentrated in even degrees we see that E is complex oriented 
by Lemma [4.371 That E is multiplicative is covered in [HS99, Proposition 2.21] and using 
HS99, Proposition 2.20] we get a map of spectra 9 : MU — > E which induces the map 
Ox ■ MU*(X) -> E*(X) for each X. It remains to show that 9{x M u) £ E 2 (CP°°) is a 
complex orientation for E. 

By naturality of the Atiyah-Hirzebruch spectral sequence, there is a commutative diagram 

H*(CP°°; MU*) > MU*(CP°°) . 

H*(CP°°;E*) J- E^CP 00 ) 

By the same arguments as in the proof of Lemma T4. 371 the map of the E^-pages just corre- 
sponds to the map M{/*|[x]| —> E*lx},J2 i aix 1 M> 9(at)x l . Since xmu is a lift of the class 
x to MU 2 (CP°°) it follows that 9{xmu) is a lift of x to E 2 (CP°°) and hence is an orientation 
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for E. By naturality we then have a commutative square 

MU* (CP 00 ) MU*{CP°° x CP°°) 

6 9 

E*(CP°°) >■ E*(CP°° x CP 00 ) 

and it follows that H*(9(xmu)) = Q{v>*{xmu)) = d{F(xi,x 2 )) = (c/)F)(8(x 1 ),6(x 2 )), showing 
that the formal group law associated to 9(xmu) is 4>F, as required. □ 

Corollary 4.44. Let y = 9(xmu) be the complex orientation for E* defined above and put 
x = u.y E E°(CP°°). Then P°(CP°°) = E°{x} and 

fi*(x) = F(x u x 2 ) e P°(CP°° x CP 00 ) = E°lx 1 ,x 2 }, 

where F is the standard p -typical formal group law of Proposition \4-19\ 

Proof. For the first statement, recall that P*(CP°°) = E*{y} = 7L p \u x , . . . , u„_ij[u, u _1 ]|lyj 
with \u\ = —2 and \y\ — 2. First note that P°[a;]] is clearly contained in E°(CP°°) since x 
has degree zero. Now, take a G E°(CP°°) and write a — J2i a iV 1 ' where <Zj G E* for each 
i. Then \a%\ — — 2i so that we have a, = u l a\ for some o! i € P°. Hence a = J^a^uj/)* = 

For the second statement, we have 

H*(x) = (J,*(uy) = u(i*(y) = u((j>F)(y 1 ,y 2 ) = u(<pF)(u~ 1 x 1 ,u~ 1 x 2 ). 
Note that, by uniqueness of the logarithm, we have log^p- (t) = (<fi\og F )(t). Further 

]oe+ F (u-H) = (<t>io gF )(u-H) = u-h + ^(u- l ty' n .u N 

I p 

where u N — (u p 1 ~ 1 ).(u p 2_1 )p 1 . . . (u p m_1 )P 1+ + m ~ 1 = u p — 1 is the factor coming from 
the application of <f> to the coefficients. Hence log0 F (it _: 4) = u^ 1 \og F (t). Further, u~ 1 t = 
log^(M _1 log F (i)) so that u -1 log^ 1 (s) = log^ F (u _1 s). Hence 

u((j)F){u' 1 xi,u~ 1 x 2 ) = u\og^l(\og 4>F (u- 1 x l )+\og 4 , F {u~~ 1 x 2 )) 

= ^og^l^ 1 \og F (x 1 ) + u^ 1 \og F (x 2 )) 

= uu^ 1 \og F 1 (\og F (x 1 ) + \og F (x 2 )) 

= F(xi,x 2 ) 

so that p.*(x) = F(xi,x 2 ), as claimed. □ 

Definition 4.45. We refer to the theory E developed above as the Morava E-theory of 
height n at the prime p. Clearly there is one such theory for each choice of prime p and each 
integer n > 0. Note that the coefficient ring E* — lL v \u\ , . . . , u n -i] [u, it" 1 ] is concentrated in 
even degrees and there is an invertible element, u in degree —2. It follows that multiplication 
by u gives rise to an isomorphism E k+2 (X) — — >• E k (X) for all X and all k. We refer to 
the class x = 0(xmu) €E E 2 (CP°°) as the standard complex orientation for E and the class 
u.x G P°(CP°°) as the standard complex coordinate for E. Often, when working in degree 
0, we will abuse notation slightly and write the latter simply as x. 
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Remark 4.46. Using a modified exact functor theorem due to Yagita ( |Yag76| ) one can 
define, for each prime p and each n > 0, a related cohomology theory K with K* — ¥ p [u, u^ 1 ] 
where u G K ~ 2 . We refer to this as the Morava K-theory of height n at p. The convention 
here is slightly non-standard: in the literature, the term Morava if-theory is often used with 
reference to a theory K{n) with Kin)* = ¥ p \u n ,v~ x ] where v n G K (n)~ 2 ( p ™ In fact K is 
just a modified version of K(n) obtained by setting K*(X) = ¥ p [u, u^ 1 ] ®K(n)* K(n)*(X), 
where ¥ p [u, u~ x ] is made into a i-C (n)*-module by letting v n act as u p _1 . See Ra v92] for 
further details on these theories. 

4.2.3 The cohomology of finite abelian groups 

Lemma 4.47. Let C m be the cyclic subgroup of S 1 of order m. Then, writing x for the 
restriction of the complex orientation x G E*(CP°°) = E*(BS 1 ) to E*(BC m ), we have 
E*(BC m ) = E*lxl/([m](x)). 

Proof. This is Lemma 5.7 in [HKROOj . □ 

Corollary 4.48. Let m = ap r where a is coprime to p. Then C p r is a subgroup of C m and 
the restriction map E*(BC m ) — > E*(BC p r) is an isomorphism. 

Proof. Since [m](x) = [ap r ](x) = [a]{[p r ]{x)) and [a](x) is a unit multiple of x by Corollary 
14.121 we see that [m] (x) is a unit multiple of [p r ] (x) . Hence 

E*{BC m ) = E*\x\/{[m]{x)) = E* \x\ / {[p r ]{x)) E*(BC p r). □ 

Proposition 4.49 (Kiinneth isomorphism). Let X be any space and Y be a space with E*(Y) 
free and finitely generated over E* . Then the map E*(X) ®e* E*(Y) -> E*(X x Y) is an 
isomorphism. 

Proof. This is Lemma 5.9 in jHKROOj . □ 
Corollary 4.50. If G is any group then, for any m> 0, 

E*(B(G x C m )) ~ E*(BG) ® E . E*{BC m ). 

Proof. As in [OS] we have E*{BC m ) ~ E*{BC p .) = £; [xl/([p r ](x)) for some r and the 
latter is finitely generated and free over E* by the Weierstrass preparation theorem. Hence 
the Kiinneth isomorphism holds. □ 

We are now able to compute the Morava _E-theory of any finite abelian group A by writing 
A as a product of cyclic groups and applying Corollary 14.501 repeatedly. That is, we have the 
following. 

Proposition 4.51. Let A be a finite abelian group with A ~ FL^W- Then there is an 
isomorphism 

E*(BA) ~F[n,., . ,x r l/([mi](x!), . . . , [m r ](x r )) 
where, writing ai for the 1 , we have Xj = a*(x). 

Corollary 4.52. Let A be a finite abelian group and let A^ = {a G A \ a p =1 for some s} 
be the p-part of A. Then the restriction map E*(BA) — > E*{BA^) is an isomorphism. 
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Proof. We write A as a product of cyclic groups, say A ~ C mi where rrii — aip Ti . Then, 
using the Kiinneth isomorphism, we have 

E*(BA) <g) B . E*(BC mi ) 



E* (BA (p) ) — ^ ® £ . (BCpr 4 ). 
By Corollary |4.48l the right hand map is an isomorphism and hence so is the left-hand one. □ 

4.3 The cohomology of classifying spaces 

We outline some general theory that will be used in proving our results. 

Proposition 4.53. If G is a finite group then E*(BG) is finitely generated as an E* -module. 

Proof. This is Corollary 4.4 in GS99 , although the related proof that K(n)*(BG) is finitely 
generated goes back to Ravenel [R av82] . Note that for a G-space Z they define E G (Z) = 
E*(EG x G Z) and letting Z be a single point gives E* G {Z) = E*(BG). □ 

Proposition 4.54. Suppose X is a space with E*(X) finitely generated over E* and with 
K(n)*(X) concentrated in even degrees. Then E*(X) is free over E* and concentrated in 
even degrees. 

Proof. This is Proposition 3.5 from |Str98] . □ 

Recall that K* = ¥ p [u, u^ 1 ]. This is a module over E* = Z p [iti, . . . , u„_ij[w, u^ 1 ] under the 
map sending Ui i— > for i = 0, . . . , n — 1 (with u$ understood to be p). We find that we can 
often recover K*(BG) from E*(BG). 

Proposition 4.55. If E*{BG) is free over E* then K*(BG) = K* ® E * E*(BG). 

Proof. This is Corollary 3.8 in [5tr98] . □ 

We assemble the above results to arrive at the following. 

Proposition 4.56. Let G be a finite group with K(n)*(BG) concentrated in even degrees. 
Then E* (BG) is free over E* and concentrated in even degrees. Further 

EHBG) ~ ( E °^ BG ^ ls even and KHBG) ~ ( K ° ® B ° E °( BG ^ ls even 
\ otherwise \ otherwise. 

Proof. The first statement follows straight from ProDOsitions l4.54l and l4.53l Since E* contains 
the unit u 6 E~ 2 , multiplication by u~ % provides an isomorphism E°(BG) ^> E 2l (BG), 
proving the statements about E l (BG). The final statement follows from an application of 
Proposition 14. 551 □ 

Lemma 4.57. Let X be a connected CW-complex and Xk denote its k-skeleton. Suppose 
that Xq is a single point and let 1^ = kei(E°(X) ^> E°(Xk-i)). Then, for any i and j we 
have Iilj C I i+ j . 
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Proof. Let A : X — > X x X denote the diagonal map. Then, by standard topological 
arguments, A is homotopic to a skeleton-preserving map A', that is a map A' : X — >• X x X 
such that A'(Xk) C (X X X)jt = Ui+j=fe -^i x -^j- I n f ac t; if z and j are any integers with 
i + j = k we have A'(X fe _i) C (X 4 _i x X) U (X x Xj-_i). Notice also that 

(X x Xy^Xi-! x X) U (X x Xj-i)) = (X/Xi-i) A (X/Xj^). 

Thus we get an induced map A' : X/Xk-i — > (X/Xj_i) A (X/Xj-x) fitting into the commu- 
tative diagram 

A' 



Xk-i 



X ■ 



A' 



x X) U (X x 



X x X 



x/x, 



A' 



k-i (X/Xi-i) A (X/X^x). 

On looking at the lower square and passing to cohomology we get 

E°(X) 



£°(X/X fc _!) EPlX/Xi-x) ® E0 &>(X/X S -i). 

Now, by consideration of the cofibre sequence Xk-i — > X — > X/Xk-i and the associated 
long exact sequence in S-theory it follows that Ik = image (E°(X/Xk-i) — > E°(X)). Hence 
the above diagram gives the result. □ 

Lemma 4.58. Let X be a connected CW-complex and X& denote its k-skeleton. Suppose 
that Xo is a single point and let m = ker(_E°(X) A E a A F p ). Then m is the unique maximal 
ideal ofE a (X) and E°(X) is local. 



Proof. Since E°(X)/m ~ F p we know that m is maximal. Take x € E°(X)\m. We will show 
that x is invertible. Note that x is non-zero mod m and so e(x) lies in E° \ m^o. Since E° 
is local it follows that e(x) is invertible in E°. Let y = 1 — e(x) x. Then y £ ker(e) = I\ 
(where Ik (k > 0) are the ideals of Lemma 14. 571) . It follows that y k € Ik so that z = Ylk=o V 
converges in E° (X) with respect to the skeletal topology. But 1 + yz = z so that (1 — y)z = 1 
and hence l—y = e(x)~ 1 x is invertible. It follows that x is invertible and E°(X) is local, as 
claimed. □ 

Lemma 4.59. Let R be a Noetherian ring and A an algebra over R, finitely generated as an 
R-module. Then A is Noetherian. 



Proof. See, for example, jShaOOJ . Every finitely generated R- module is Noetherian and every 
ideal of A is an i?-submodulc of A, so it follows that every ascending chain of ideals of A is 
necessarily eventually constant. □ 

Proposition 4.60. Let G be a finite group. Then E°(BG) is a complete local Noetherian 
ring. 
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Proof. By Lemma H. 591 E°(BG) is Noetherian as it is a finitely generated module over the 
Noetherian ring E°. By Lemma fl.58l -E°f-BG') is local with maximal ideal m = kev(E°(BG) A- 
E° A F p ). It remains to show that E°(BG) is complete with respect to the m-adic topology. 

Now, E°(BG) inherits a topology from E°, namely the m^o-adic topology generated by open 
balls of the form a + m r E0 E°(BG) and an application of the Artin-Rees lemma (specifically, 
Theorem 8.7 in Mat89 ) shows that E°(BG) is complete with respect to this topology. 
The discussion in |Mat89l p55] shows that the m^o-adic topology coincides with the m-adic 
one if and only if for each N G N there exist r and s such that m r C m E<l E° (BG) and 
m s E0 E°(BG) C m N . Since m E o E° (BG) C m the latter of these conditions is easily satisfied 
and it remains to show that the former holds. 

Let I = Ii = kcr(E°(BG) -> E°). Take the descending chain of ideals 

E°(BG) \> I ^ I 2 ^ I 3 ^ ... 

Then, writing = F/%oJ , we get a descending chain of finite dimensional F p -vector 
spaces 

Ji > J2 > J 3 > ■ ■ ■ 

which must therefore be eventually constant. In particular, there exists r G N with J r +i = J r 
so that I r+1 /mE°I r+1 = I r Jxa,E°I r ■ An application of Proposition 12.121 then gives T r+1 = I r 
whereby, since / Cm, Nakayama's lemma leaves us with T r = 0. But E°(BG)/Ii = E° 
and E°/xa E o = F p so it follows that m = h + m E aE a (BG) and m r C /[ + m E oE°(BG) = 
m E o E°(BG). Hence we see that m rN C m E0 E°(BG) and we are done. □ 

4.3.1 Transfers and the double coset formula 

Given a finite group G and a subgroup H of G there is a map of -E*-modules tr^ : E*(BH) — > 
E*(BG) known as the transfer map generalising an analogous map for ordinary cohomology 
(see |Ben98j ). The map is characterised by the following key properties. 

Lemma 4.61. Let G and G' be finite groups. Then the following hold. 

1. IfK^Hs^G then tr% = tr% o tr%. 

2. If H < G and H' ^ G' then tr% x x % = tr% ® tr% as maps E*(BH) ® E*(BH') -)• 
E*{BG)®E*{BG'). 

3. (Frobenius Reciprocity) If H ^ G and then trf I {res ( f I {a).b) = a.trfj^) for all a G 
E*(BG), b G E*(BH). That is, viewing E*(BH) as an E* (BG) -module, tr% is an 
E* (BG) -module map. 

4- If N is normal in G and n denotes the projection G — > G/N then tr^(l) — ir*tr^ N (1). 

5. (Double Coset Formula) Suppose H and K are subgroups of G. Then, considered as 
maps E*(BK) — > E*(BH), we have the identity 

res%tr%= ^ t ^n( g Kg-^) res mi(gKg- 1 ) cori fa- 

g£H\G/K 

where H \ G/K denotes the set of double cosets {HgK \ g G G}. 
Proof. See [Ben91j and |Ben98j . □ 
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There are many useful applications of this map, as we will see in subsequent sections. 



Remark 4.62. Note that if H and K are subgroups of G with K normal in G then the 
double coset formula gives res^tr^ = J2 g eH\G/K ^ r HnK res HnK con i*g- m addition, H = K 
this simplifies further to leave us with res^tr^ = ^ 



g&G/H 



conj. 



4.3.2 Further results in E'-theory 

Proposition 4.63. Let g £ G and write conj g for the conjugation map G — > G. Then 
conf : E*(BG) — > E*(BG) is the identity map. 



Proof. This is a simple corollary to Proposition 12.71 



□ 



Proposition 4.64. Let G be a finite group and let H be a subgroup of G with [G : H] coprime 
to p. Then the restriction map E*(BG) — > E*(BH) is infective. 

Proof. Take a £ E*{BG). Then, by Frobenius reciprocity, we have tr^(res^(a)) = a.tr^(l). 
Now, by an application of the double coset formula, resf tr^(l) = [G : H] which is coprime 
to p and hence a unit in E°. Thus, reducing modulo the maximal ideal of E°(BG) we find 
that tr^(l) maps to a unit in F* and so, by the general theory of local rings, it follows that 
it is a unit in E°(BG). Thus if res^(a) = then a = 0, that is res^ is injective. □ 

Lemma 4.65. Let H and K be subgroups of G with K C N G (H). Then K acts on E*(BH) 
and the map E*(BG) — > E*(BH) lands in the K -invariants. 

Proof. Since K C Nq(H), taking k £ K we have a commutative diagram 

ff c >■ G 



co «Jfc 




con Jfc 



and thus, since conj£ : E*(BG) —> E*(BG) is just the identity by Proposition 14.631 we get 

E*(BH) ■< E*(BG) 

con Jfc 

E*(BH) -< E*{BG) 

showing that E*(BG) E*(BH) lands in E*(BH) K . □ 

Proposition 4.66. Let N be a normal subgroup of G with [G : N] coprime to p. Then the 
restriction map induces an isomorphism E*(BG) — > E*(BN) G / N . 



Proof. Since [G : N] is coprime to p it follows from Proposition [JijH that the restriction map 
E*(BG) — > E*(BN) is injective. Further, by Lemma f4. 651 the map lands in the G-invariants 
of E*(BN). But, since N acts trivially on E*{BN), the G-action on E*(BN) factors through 
a G/N action and thus we have an injective map E*(BG) ->■ E*(BN) G / N . 

For surjectivity, the double coset formula gives 



res^tr^r 



geN\G/N 



l N N ■* 

tr^res^conj 



g£G/N 
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(where we have used the fact that N is normal) so that if a € E*(BN) G / N we get 

res^tr^(a) = ^ conj^a) = \G/N\a. 

geG/N 

Thus, since \G/N\ is coprime to p and hence a unit in E* , we have 

reS " (w^ tr " (a) ) = W^- |G/7V|a = a 
so that res« : E*(BG) E*(BN) G / N is surjective, as required. □ 

4.3.3 Understanding E*(BG) as a categorical limit 

For a finite group G let A(G) be the category with objects the abelian subgroups of G and 
morphisms from B to A being the maps of G-sets G/B — > G/A. These can be understood 
as shown below. 

Proposition 4.67. Let G be a finite group and A and B be abelian subgroups of G. If 
f : G/B — > G/A is a map of G-sets then f is determined by f(B) and, writing f(B) = gA, 
we have g~ x Bg C A. 

Conversely, if there is g £ G with g~ x Bg C A then there is a map of G-sets G/B — > G/A 
given by f{B) = gA. 

Proof. Let / : G/B G/A be a map of G-sets. Then, for all g e G, we have f{gB) = gf{B) 
so that / is determined by f{B). Write f(B) — gA. Then for all b € B we have 

gA = f(B) = f(bB) - bf(B) = bgA 

so that g~ Y bg £ A. Hence g~ x Bg C A. 

For the converse, if g £ G with g~ x Bg C A the G-map / : G/B — > G/A given by f(B) = gA 
is well defined since if hB = kB we have k — hb for some b € B whereby 

f(kB) = kf(B) = hbf(B) = hbgA = hgig-^A = hgA = hf(B) = f(hB). □ 



The following result is due to Hopkins, Kuhn and Ravenel ([HKROO, Theorem A]). 

Theorem 4.68. Let E be a complex oriented cohomology theory and G be a finite group. 
Then the map 

w\ E * {BG) ^^hh E * {BA) 

is an isomorphism. 

Remark 4.69. Note that Hm A eA(G) ]g~\ E *( BA ) is a subrm S 01 I1a6.a(g) ^\ E *i BA )- Note 
also that E* is p- local and E*(BG) is trivial if p\ \G\. It follows that inverting the order of 
G can be replaced by inverting p or, equivalently, by tensoring with Q. 



In fact we can simplify the right-hand limit somewhat. We will use the following modified 
version of the theorem. 
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Proposition 4.70. LetA(G)^ denote the full subcategory of A(G) consisting of the abelian 
p-subgroups of G . Then the map 

Q®E* (BG) -> lim Q<g>E* (BA) 

AeA(G) (p) 

is an isomorphism. 

Proof. This was remarked on in [HKROO, Remark 3.5]. By abstract category theory there 
is a unique map lim^ e _4( G ) Q £g) E*(BA) — > lim^g^Q)^ Q (g> E*(BA) commuting with the 
arrows. We will show this is an isomorphism. 

Given any C E A(G) we have C( p ) E A(G)( p ^ and hence, using the fact that res^ ( ; is an 
isomorphism fProposition 14.52]) . a composite map 

lim Q®E* (BA) -^Q®E* [BC (p) ) -A- Q <g> E*{BC). 

AG-A(G)( P ) 

Now, take any map C — » D in A(G) corresponding to an element g E G. Then g induces a 
morphism C( p j — » -^(p) ancl we nave the following commutative diagram. 



Q®E*(BD) 



conj* 



Q<g> E*(BC). 



Thus by category theory we have a map ]im AeA(G) ip) Q (g) E 1 * (-Bvl) — > \im Af z A ( G ) Q®E*(BA) 
which must be the inverse to our original map. □ 

Before a corollary, we make the following definition. 

Definition 4.71. Let fi'.R—^Si (i E /) be a family of maps. Then we say that the maps 
(fi)iei are jointly injective if the map Yii fi '■ R ~> Tli $i is injective. 

Corollary 4.72. Let G be a finite group with E*(BG) free over E* . Let At,...,A s be 

abelian subgroups of G such that for each abelian p-subgroup A of G there is g E G such that 
gAg~ x C Ai for some i. Then the restriction maps E*(BG) — > E*(BAi) are jointly injective. 



Q®E*{BD (p) ) 




Q®E*(BC (p) ) — 



Proof. Take a E E*(BG) and suppose that a maps to in YVi=i E*(BAi), that is a maps to 
in each E*(BAi). Take any abelian p-subgroup A of G. Then, by the hypothesis, we have 
g E G with gAg -1 C Ai for some i. Hence we get 

E*{BG) -25*. E*(BAi) E*{B{gAg- 1 )) 



con J„ 



con Jg 



E*(BG) 



E* (BA) 
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showing that a maps to in E*(BA). Thus a maps to in ^T^AeA(G)( j Q ® E*(BA) and 
hence in Q ® E*(BG) by Proposition [TED But E*{BG) is free over £* so that E*{BG) 
Q <g> E*{BG) is injective. Thus a = 0, as required. □ 



4.3.4 Hopkins, Kuhn and Ravenel's good groups. 

We use the following concept from HKR00 . 

Definition 4.73. Let G be a finite group. Then we define G to be good if K(n)*(BG) is 
generated over K(n)* by transfers of Euler classes of complex representations of subgroups of 
G. Note that if G is good then K(n)*(BG) is concentrated in even degrees and Proposition 
14.561 applies. 

Hence for good groups the only interesting cohomology is E°(BG) and we can recover 
K°(BG) as K° ® E o E°(BG). The following is Theorem E from [HKROOj . 

Proposition 4.74. Using the terminology of Definition \4- 73} 

1. every finite abelian group is good; 

2. if G\ and Gi are good then so is G\ x Gi; 

3. if Syl p (G) is good then so is G; 

4- if G is good then so is the wreath product C p l G. 

We apply the results to our finite general linear groups to get the following. 

Proposition 4.75. Let K be a finite field with v p (\K x |) > 0. Then, for any d > 0, the finite 
group GLd(K) is good. 

Proof. By Proposition ^. 74l part 3 it is sufficient to show that the Sylow p-subgroup of GLd(K) 
is good. By Proposition 13.121 we know that Sy\ p (GLd(K)) = P I Pi where Pq = Syl p (E ( i) 
and Pi is the p-part of K x . Clearly Pi is good by Proposition 14.741 part 1. Hence if d < p 
then Sy\ p (GLd(K)) = Pi, which is good. 

If d = p k for some k > then, by Proposition 13.31 Pq is an iterated wreath product of copies 
of C p so that Pq I Pi = C p I . . . I C p I Pq which is good by repeated use of Proposition 14.741 
part 4. 

For arbitrary d we write d — J2i a iP l an d then, by Proposition ^. 41 P — Syl p (Iy) ai with 
each Syl p (E p i) ai an iterated wreath product of copies of C p . Thus, using Lemma \TM we 
have 

Pi = (nsyysvr^ 1 Pi = n (w^o i p i) ai 

with each term in the product good. Thus Po I Pi is good. □ 

4.3.5 The cohomology of general linear groups over algebraically 
closed fields 

Our main starting point for the cohomology of the finite general linear groups comes from the 
well understood theory of general linear groups over the relevant algebraically closed fields. 
For any prime I different to p we briefly outline the relevant results. 
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Proposition 4.76. Let T ~ S 1 x . . . x S 1 denote the maximal torus of GL d (C). Then 
restriction induces an isomorphism H*{BGLd{ < C)\1>( p )) — — > H* (.BT; Z( p )) s<J . 

Proof. This is a classical theorem of Borel ( |Bor53j ). □ 
Corollary 4.77. With the above notation, the restriction map gives an isomorphism 

E*{BGL d {C)) E*(BT) Sd . 

Proof. The proof is analogous to that of |Tan951 Corollary 2.10]. □ 

Proposition 4.78. Let h be any multiplicative cohomology theory for which p — in h* and 
let I be a prime different to p. Then, writing T & for the maximal torus of GLd(Wi), there 
are compatible maps BTd — > BT and BGL d {Fi) — > BGL d (C) which induce isomorphisms 
h*(BT) -> h*{BT d ) and h*(BGL d (C)) h*(BGL d (¥i)). 

Proof. The main result of [FM84j gives maps which induce an isomorphism on mod-p ho- 
mology and hence also on mod-p cohomology. The proof then relies on a comparison of the 
relevant Atiyah-Hirzebruch spectral sequences H*(X; h*) ==> h*(X). □ 

Lemma 4.79. Let X be a CW-complex with Xq a single point. Then if K(n)*(X) = we 
have E*{X) = 0. 

Proof. If K(n)*(X) = then K(n)*(X) is (trivially) finitely generated over K(n)*. Proposi- 
tion 2.4 of [HS99] then tells us that E*(X) is finitely generated over E*. Further, K(n)*(X) 
is (trivially) concentrated in even degrees so Proposition 2.5 of HS99 tells us that E*(X) is 
concentrated in even degrees and = K(n)°(X) = E°(X)/m E oE°(X). But E°(X) is local 
by Proposition 14.581 and an application of Nakayama's lemma gives E°(X) = 0. It follows 
that E*(X) = 0. □ 

Corollary 4.80. Let X and Y be spaces as in Lemma \4-. 79\ Let f : X —}Y be such that the 
induced map f* : K(n)*{Y) — > K(n)*(X) is an isomorphism. Then f* : E*(Y) — » E*(X) is 
also an isomorphism. 

Proof. The cofibre sequence X — > Y — > Y/X gives, on passing to cohomology, K(n)*(X/Y) = 
since K(n)*(Y) — > K(n)*(X) is an isomorphism. Hence, by Lemma [4.791 we find that 
E*(X/Y) = and, reversing the previous argument, an isomorphism E*(Y) — > E*(X). □ 

Proposition 4.81. The maps of Proposition \4- 78\ give rise to compatible isomorphisms 
E*(BT) ~ E*(BT d ) and E*(BGL d (C)) ~ E*(BGL d (¥i)). Hence restriction induces an 
isomorphism E*{BGL d (¥i)) ~ E*(BT d f d . 

Proof. By Proposition 14 . 781 we know that we get such maps in if (n)-tlieory. But an applica- 
tion of Corollary 14.801 shows that we get the same result in _E-theory. □ 

Now, recall from Section [2 . 1 . 41 that we have a chosen embedding Fj* — > S 1 . Let x € E 2 (BF*) 
be the restriction of the complex orientation for E under the induced map E*(CP oa ) — > 
E*(BF*). Write 7T; for the i th projection T d ~ (F*) d -)• Fj . Proposition 14.811 then gives us 
following corollary. 
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Corollary 4.82. Restriction induces an isomorphism 

E*(BGL d ^i))^E*{BT d f"=E*lx u ...,x d f" = E*la u ...,a d l 
where o~i is the i th elementary symmetric function in x\ = Tr*(x), . . . , x d — tt^(x). 

4.3.6 The cohomology of the symmetric group £ p 

Using the analysis of Section 13.1.11 we can get an understanding of the cohomology of £ p . 

Proposition 4.83. Let C p — (7 P ) denote standard cyclic subgroup of E p of order p. Then 
the inclusion C p >— > £ p induces an isomorphism E°(BT, p ) ~ E° (BC p ) Autt > Cp K 

Proof. Let M — Aut(C p ) x C p ^ £ p . Then a transfer argument gives an isomorphism 
H*(BT, p ;W p ) —t H*(BM;W p ) (see, for example, |Ben981 p74]). Hence, an application of the 
Atiyah-Hirzebruch spectral sequence shows that restriction gives a K(n) *-isomorphism and, 
by Corollary 14.801 we get an isomorphism E°(BY> p ) E°(BM). But C p is normal in M 
and \M/C P \ — |Aut(C p )| = p — 1 which is coprime to p so that we can use Proposition 14.661 
to get E°(BM) -A- E°(BC p ) Au ^ c "l Hence E°(BY, p ) ~ E°{BC p ) Aut ( c »\ □ 

Lemma 4.84. In E°lxy\p](x) we have [k](x) = [k](x) for all k E (Z/p) x . 

Proof. We know that k = k mod p, so that k = k + ap for some a g Z p . Then, modulo 
we have [k](x) = [k + ap](x) = [k](x) +f [ap]{x) = [k](x) +f [a)([p)(x)) = [k](x), as 
claimed. □ 

Lemma 4.85. With the obvious embedding C p >— » S , let x denote the corresponding gener- 
ator ofE a (BC p ). Then a^ 1 g E°(BC p ) Aut< - c "\ 



Proof. First note that Aut(C p ) ~ (Z/p) x acts on E°(BC P ) by k.x = [k](x). It follows 
that nLiW^) e E°(BC p ) Aut( - c "\ But, by Lemmas KM and 1231 we have riCiM^) = 

FK=i[fe = ifc kx = -x^ 1 80 that x 1 " 1 = -FE=i e £°(5C p ) Aut ^). " □ 

Proposition 4.86. Pui d = -m^ 1 g E°{BC p ) Aut{c "\ Then E°(BC p ) Aut( - c ^ is free over 
E° with basis {l,d,... ) dfr"- 1 )/(P- 1 )}. 



Proof. We have a basis {1, x, . . . , xP"^ 1 } for E°(BC P ) over B°. Thus, for fc g Aut(C p ) ~ 
(Z/p) x , we have fc.x 1 = [^(a;) 4 = = fcV. Taking any a.a; 2 £ E°(BC p ), for all 

fc 6 Aut (C p ) we have 

Ej a ^ = Y,i a ik i x i 
•<=>■ aik 1 = a>i for all i 

a z (k l - 1) = for all i. 

But U = 1 if and only if i = mod p - 1. Hence £\ a 4 x l g E (BC p ) Au ^ c "'> if and only if 
aj = for i =/= mod p — 1. Thus 

B°(SC p ) Aut(c ^ = E°{x j(p - 1) \ < j < ^-ji} = S°{l,d,...,d (p "- 1)/(p ~ 1) }. □ 

Lemma 4.87. With x andd as above, (p)(x) £ E (BC p ) Aut ( Cp \ Hence there is a polynomial 
f(t) g sucft i/iai (p)(ac) = /(d). Further, /(0) = p. 
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Proof. Taking k e Aut(C p ) ~ (Z/p) x we have k.(p)(x) = (p)([fc](x)) = (p)([fe](x)) = (p)(x) 
by Lemma f4. 341 Thus, using Proposition ^. 86l we can write (p)(x) — ^ i aid 1 — f(d) for some 
a,i G E°, as claimed. Putting x — then gives /(0) = (p)(0) = p. □ 

Proposition 4.88. Lei d and / be as above. Then E°{BC p ) Aut< ~ c ^ ~ EP\d\/df (d). 



Proof. Firstly, note that we have df(d) = -xP- 1 {p)(x) = in E°(BC P ) = E°{x\/ x{p){x). 
Take any g(t) e £°[[tj with 5 (d) = in E°(BC P ). Then ff (d) = h{x)[p]{x) in £ [[a:J for some h. 
Putting i = 0we see that g(0) = h(0)[p](0) = and so d\g(d) = h(x)[p](x) = xh(x)(p)(x) = 
xh(x)f(d). Since /(0) =p^0we conclude that d|x/i(ic). Hence g(d) € df(d)E° (BC P ); that 
is, g(d) = df(d)k (x) for some k Q (x). But then k(x) = ^ X) QGAut(Cp ) <xfc (ir) is Aut(C p )- 
invariant and #(d) = df{d)k{x) £ df(d)E°{BC p ) Au ^ c "\ as required. □ 

We will need the following standard results later. 

Lemma 4.89. Letx, d and f be as above. Then tr 1 F (l) — (p}(i) andtr 1 p (l) = (p— l)!/(d). 

Proof. Write tr 1 p (l) = mod [p](x) for some g(x) G Then, using Frobenius 

reciprocity (Lemma 14.6 If) we have x.tr 1 p (l) = tx 1 p (res 1 p (x).l) = so that we must have 
xg{x) = mod [p](x). Thus xg(x) = x{p)(x)h{x) for some h and hence g[x) = {p)(x)h(x). 
Thus, mod \p](x), we find that g(x) = (p)(x)h(0). But g(Q) = resf p trf p (l) = |C p | = p by 
an application of the double-coset formula. Hence p = g(0) = (p)(0)/i(0) = ph(0) so that 
/i(0) = 1. Thus tr 1 p (l) = (p)(x), as claimed. For the second statement, we have 

resgtrf p (l) = £ tr^^esj^^conj^l)) 

a£C p \£ p /l 

= ( P -iy.(p)(x). 

But res c p is injective so we find that tr 1 p (l) = (p — l)l(p)(x) = (p— l)!/(d). □ 



4.3.7 /-Chern classes 



The results of Section 14.3.51 allow us to construct convenient cohomology classes which are 
analogous to the construction of ordinary Chern classes. 

Definition 4.90. Let G be a group. Recall that E°(BGL d (¥i)) ~ E°\a u . . . ,a d }. Given a 
group homomorphism a : G — > GLd(¥i) (cquivalently, a finite-dimensional F;-representation 
of G) and a natural number k we define the k th l-Chern class of a by 



Ck(a) = 



a*{<j k ) forO<fc<d 
otherwise, 



(where <7o is understood to be 1). 

Proposition 4.91. The l-Chern classes satisfy the following properties. 

1. For any group homomorphism a : G — > GLd(¥i) we have Co(a) = 1. 

2. (Functoriality) Given group homomorphisms a : G — > GLdi^i) and f : H — > G we get 
Ck{a o /) = f*(ck(a)) for all k. 
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3. Given group homomorphisms a : G — > GL dl (Wi) and f3 : G — >• GL d . 2 (F[) we get 

c fe (a©/3) = c 4 (a)cj(/3) 

i+j=k 

where a © (3 : G — > GL dl + d . 2 (Fi) * s given by g i-> a(g) © /3(g). 

4- Let idi : F ; X — > F ( X be the identity. Then c\(idi) — x, the restriction of our complex 
orientation. 

Proof. Properties 1 and 4 follow straight from the definition. For property 2, if k < or 
k > d the result is clear since /*(0) = and /*(1) = 1. Otherwise 1 < k < d and we have 

c k {a o /) = (ao f)*(a k ) = (/* o a*){a k ) = f*(a*(a k )) = f* (4(a)), 

as required. It remains to prove property 3. 
We note first that the diagram 

(F*) dl x (F*) d * >■ (F*) dl + d = 

GL dl (Fi) x GL d2 (Fj) GL dl+d2 (F ; ) 

induces 

E°(B(F?) d i)® EO E (B(F?) d *) * E°(B(W*) d i+ d2 ) 

E° (BGL dl (f , ) ) S £0 E° (BGL d2 (F, ) ) £° (BGL dl +d2 (Fj)). 

In the usual way, we can write i?°(_B(F X ) dl+d2 ) ~ £?°[xi, . . . , Xd i; Xdi+i, . . . ,Xd 1+ d 2 ]] to 
get E°(B(F*) dl ) ^ E°l Xl , . . .,x dl j and E°(B(F*) d2 ) ~ £°[x rfl+1) . . . ,x dl+d J where a* = 
ci((F; JEij. ]F ; ). We use the following lemma. 

Lemma 4.92. Let di,d^ G N and d = d\ + d%. -For 1 < k < d let be the k th elementary 
symmetric function in x\, . . . , x d . Let o~ dl .i (respectively o~ d2 j) be the i th (respectively j ) 
elementary symmetric function in x\, . . . ,x d (respectively x dl +i, ■ ■ ■ , x d ). Then 

°~ k = ^ ^d u i^d 2 ,j- 

i+j= k 

Proof. Straightforward combinatorics. □ 

Using the notation of Lemma T4. 921 we then have E°(BGL dl (¥i)) = E°\a dl ,i . . . : u dl ^ dl \ and 
E°(BGL d2 (¥i)) = E°la d2 ,i ■ ■ • , o- d2 ^ d2 \. Thus, chasing the diagram and using injectivity of 
the vertical arrows, we see that fi*(cr k ) — J2i+j= k a di,i ® °~d 2 ,j- 

Now given homomorphisms a : G — >• GL dl (¥{) and (5 : G — > GL d2 (¥{), the map a © (i is 
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given by the composition G 



ax/3 



GL dl {¥i) x GL d2 (Fj) A GL d (F z ), whereby 



(a©/3)V*K) 



\i+3 = k 




i+j=k 



i+j=k 



□ 



Remark 4.93. The properties of Proposition 14.911 are enough to completely determine the 
Z-Chern classes. That is, they can be viewed as axioms for the Z-Chern classes. 

Proposition 4.94. Given one- dimensional F; -representations a, (3 : G — > F ; we have 

c.i(a (g) /3) = ci(a) +f Ci(/3). 

Proof. We have a commutative diagram 



Definition 4.95. Given a group homomorphism a : G — > GLd(¥i) we define the l-Euler 
class of a to be the top Z-Chern class, that is euler/(a) = £d(ct). 




which, on passing to cohomology, gives the result. 



□ 
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Chapter 5 



Generalised character theory 



5.1 Generalised characters 

In this section we outline the generalised character theory developed by Hopkins, Kuhn and 
Ravenel in [HKROO . We start by recalling some results on Pontryagin duality. 

5.1.1 Locally compact groups 

A topological group G is called locally compact if there is a neighbourhood of the identity 
which is contained in a compact set. Given a locally compact abelian group G we define its 
Pontryagin dual or character group, G* , by G* — Hom cts (G, S 1 ). We give G* the weakest 
topology such that the maps G* — > S , x ^ x(ff) are continuous for each g G G. If G is locally 
compact then G* is also locally compact and the assignment G n> G* is a contravariant 
endofunctor on locally compact abelian groups. Further, for each G there is a canonical 
(continuous) isomorphism G —> (G*)* given by g i-> (G* — > S'j^ x(d))- From here on G 
may be identified with (G*)* without comment. 

Every discrete (and hence every finite) group is locally compact. Other examples of locally 
compact groups include R, S 1 and Z p . If G and H are locally compact then Gffi H is locally 
compact. Using the result Hom(lim Ai,B) = lim Hom(Ai, B) from general category theory, 

we see that (lim Ai)* = lim (Ai)* wherever the limits exist. Of particular interest to us will 

be the result (Z/p°°)* = (lim Z/p r )* = lim (Z/p r )* = 7L V . 

For each m > 1 there is a canonical isomorphism Z/m — > (%jm)* given by 1 i— > (Z/to — > 
S 1 ,^ e 27ri/m ). Further, if G and H are locally compact abelian groups then 

{G®Hf = Hornets (G ®H,S l )~ Hom cts (G, S 1 ) © Hom cts (ff, S l ) = G* © iT . 

Hence, if G is any finite abelian group then there is an isomorphism G ~ G* but in general 
this will be non-canonical. 

We will mainly be looking at a group O ~ (Z/p 00 )™. From the remarks earlier it is clear that 
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5.1.2 Generalised characters 



As usual, let x S E°(CP°°) be our standard complex coordinate and F the associated 
standard p- typical formal group law. Recall that for each m > we let g m (t) denote the 
Weierstrass polynomial of degree p nm which is a unit multiple of [p m ] F (i) in -E°[[t]]. 

Let Q(E°) denote the field of fractions of E° and fix an algebraic closure Q(E°). For each 
m > let m = {a E Q(E°) \ g m (a) = 0}. Note that 8 m C 6 m+ i and define 6 = lj m ©m- 

Proposition 5.1. There are abelian group structures on m and given by + F and (non- 
canonical) isomorphisms m ~ (Z/p m ) n and ~ (Z/p 00 ) 11 . 

Proof. If a,b € m then [p m ](a + F 6) = [p m ](a) + F [p m ]{b) = 0, so 8 m is closed under + F . 
The identity element is 0. Given a £ m we have [p m ](— F a) = — p[p m }(a) = which gives 
inverses. Finally, associativity and commutativity follow easily from properties of + F . Thus 
m is an abelian group for all m and hence so is = {J m <d m . 

The roots of g m are distinct, so that |0 m | = p mn (see, for example, |Str971 Proposition 27]). 
Hence m is a finite abelian p-group and we can write m ~ Z/p ri © ... © Z/p Ts for some 
fx, . . . ,r s and some s with n + . . . + r s = ran. Since Q m (p) = { a 6 Q{E°) \ [p](a) = 0} = ©i 
we get |0 m (p)| = p ra and it follows that s — n. The fact that [p m ](a) = for all a £ m gives 
Ti < m for each i. Thus we conclude that r-j = m for all i and m ~ (Z/p m )™. Choosing 
compatible isomorphisms for each m then gives an isomorphism ~ (Z/p 00 )". □ 

We now outline the development of the generalised character map for E°(BG) for finite 
groups G. 

Definition 5.2. Let A C Q(E°) be a finite abelian group under + F . Then we define 
La Q Q(E°) to be the ring generated by Q <8> E° and A. Note that given a map of two such 
groups / : A — > B there is an induced Q ® £ , °-algebra map /* : La Lb sending each 
a £ A C to /(a) £ B £ Lb- We define X m = Le m - 

Proposition 5.3. Let A C Q(E°) be a finite abelian p-group under + F . Then there is 
a unique E° -algebra map ipA ■ E°(BA*) — > suc/i i/iai tPa(o<*(x)) = a /or all s £ A = 
(A*)* = Hom cts (A*, S 1 ). Further these maps are natural for homomorphisms of such groups. 

Proof. Choose an isomorphism A — > Il"=i ^'p ri t° § e ^ generators a\, . . . , a rn for A. Then, by 
Lemma[0>TJ we get E°(BA*) ~ £°[a;i, . . . , x m \/ {[p ri ]{xi), [p Tm ](x m )) where, viewing a; 
as an element of (A*)*, we have asj = ai*(x). Hence, since \p ri ]{ai) — in La, there is an 
i?°-algebra map tpA ■ E°(BA*) — > La given by ca*(x) = Xi \-> a,. 

Now, for any a, 6 £ A = (A*)* , the commutative diagram 



which translates to (a + b)*(x) = F((a x b)*(xn\), (a x b)*(xf 2 \)) — a*(x) + F b*(x). Hence, 
given an arbitrary a £ A we can write a — Ej aj i to get 



.4* 




induces 




ip A (a*(x)) = ^((EiOjJ*^)) = ^(Eir^ji) = E F a J< = a - 
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Thus the map ipA has the required property and is unique by construction. For naturality, let 
B C Q(E°) be another finite abelian group under +p and / : A — > B a group homomorphism. 
Then we have maps /, : E°(BA*) ->■ E°(BB*) and f*:L A ^L B and 

V B (/*(a*(z))) = Vs(/(a)*(x)) - f(a) = /.(a) - U{^ A {a*{x))) 

which is the claimed naturality condition. □ 

This gives us the following immediate corollary. 

Corollary 5.4. The inclusions m <—} Q m +i induce commutative squares 

E°(B(Q m )*) — ^ L m 

E°{B(Q m+1 )*) ■ L m+X . 

V>m+1 

Hence, writing L = (J m L m we get an induced map ip : Urn E a (B(<d m )*) — > L. 

Definition 5.5. Given topological groups G and H we have an action of G on Hom cts (ff, G) 
given by (g.a)(h) = ga(/i)<? _1 for g G G, a G Hom cts (ff, G) and h G H. We define the set 
Rep(F, G) by Rep(iJ, G) = Hom cts (i?, G)/G. 

Remark 5.6. Notice that, by Proposition 14.631 if a G Hom cts (H, G) then the induced map 
a* : E°(BG) E°(BH) depends only on the class of a in Hom cts (H, G)/G = Rep(H,G). 
Also note that if G is a finite group, then any homomorphism / : 0* — > G must factor 
through 9*/ker/ which is a finite quotient of 0* and hence discrete. It follows that / is 
automatically continuous; that is, Hom cts (0*, G) = Hom(0*,G). 

Definition 5.7. Let G be a finite group and let a G Hom(0*,G). Then a induces maps 
a* m : E°(BG) -> E°{BQ* n ) for each m which fit into the diagram 

E°(BG) a " 1 ? E°(BG* m ) 




E°(BQ* m+1 ) 

and hence a map a* : E°(BG) — > lim E (BQ'!^ n ). We define \ a to be the composite 

E°{BG) ^> lim E°(BG* m ) A L. 

Finally, writing Map(S', T) for the set of functions (that is, set-maps) S — >• T, we define x : 
£°(BG) -> Map(Rep(6*, G), L) by (x(a))(a) = x<*(a) for a G E°(BG) and a G Hom(6*, G) 
and refer to it as the generalised character map for G. By the remarks above this is a well 
defined map of £ , °-algebras. 

We are now able to state the result of Hopkins, Kuhn and Ravenel. 

Proposition 5.8. (Hopkins, Kuhn, Ravenel) Let G be a finite group. The map \ defined 
above induces an isomorphism of L-algebras 

L ® E o E°(BG) Map{Rep{Q*,G), L). 
Proof. This is part of Theorem C from [HKROOj . □ 
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5.2 Generalised characters and the finite general linear 
groups 



In this section we apply the generalised character theory to the group GLd(¥ q ), where q = l r 
is a power of some prime different to p and d is a positive integer. Our main result is the 
following. 

Theorem A. Let $ = (Z/p 00 )™ and let A be the subgroup of Z* generated by q. Then there 
is a bijection Rep(Q* ,GLd(¥ q )) — > ($ d /S,j) A - Further, there there is a natural addition 
structure on each of JJ fe Rep(Q* , GLk(¥ q )) and ]J fe ($ fe /Efc) A and the bijection 

]jRep(Q*,GL k (F q )) ]J(<S> k /Z k ) A 
fe fe 

is an isomorphism of abelian semigroups. 

We will study two particular cases, firstly where d < p and secondly where d — p and find that 
($ d /Ed) A is easy to understand in both cases. Further, this will give us a good understanding 
of the ring L ® E o E°(BGL p {¥ q )). 

5.2.1 Representation theory 

As above, q — l r is a power of a prime different to p and d is a positive integer. We may 
write ¥ q for the algebraic closure F; and ¥ q d for F;rd. 

Definition 5.9. We write $ = Rep(0*, G£i(F/)) = Hom cts (0*,F X ). 

As in Section T2.1.41 let T — (F q ) be the subgroup of Gal(F;/F g ) generated by the r th power 
of the Frobenius map. Since T acts on F; we have an induced action of F on $ given by 
(j.a)(a) = j.a(a) (for 7 e T, a : 0* -> GL 1 (¥ t ) and a e 0*). Note also that we have a 
componentwise action of T on GLdi¥i) which induces an action of F on Rep(6*, GLdi¥i)) in 
the obvious way. 

Proposition 5.10. Point-wise multiplication makes $ into an abelian p-group. Further, 
there is an isomorphism $ ~ (Z/j>°°) n . 

Proof. Let Then (f> : 0* — > F ( X is continuous. In particular, since F ; X is discrete, 

ker(cf>) = </) _1 (l) is open. But the open neighbourhoods of in Z p are just the subgroups 
p m Z p for m 6 N. Since 0* ~ Z r p l it follows that ker(0) D p N Q* for some N. Thus ^ (a) = 
<t>(a) p = <fi(p N a) = and <fi has order a power of p. 

For the final statement we notice that 

Hom cts (Z p ,F ; X ) = Hom cts (Z p ,Syl p (F ; X )) ~ Hom cts (Z p , Z/p 00 ). 

Since any continuous homomorphism / : Z p — > Z/p°° will have finite image it will be deter- 
mined by /(l). Thus Hom cts (Zp, Z/p°°) = Z/p°° and the result follows. □ 

Let if be a field. Then, remembering that any two representations pi,p2 : 0* ^> GLd(K) 
are isomorphic if and only if there is some g 6 GLd(K) with pi = gpig~ x , we see that there 
is an obvious correspondence of Rep(0*, GLd(K)) with isomorphism classes of continuous 



57 



d-dimensional if -representations of O*. We will denote elements in the former by [a] where 
a is a homomorphism from O* to GL c i(K) and elements of the latter by pairs (V, a) where 
V is a d-dimensional K- vector space and a : O* — > GL(V). 

Definition 5.11. Using the correspondence outlined above we define lrr(0*, GLd(K)) to be 
the subset of Rep(0*, GLd(K)) corresponding to the irreducible representations. 

Our next step is to try to understand the F/-representation theory of 0* . For this we need the 
following results. Recall that Schur's Lemma (see |Ser77j ) tells us that any map / : V — > W 
of irreducible if -representations of a group G is either zero or an isomorphism. 

Lemma 5.12. Let G be an abelian group and K an algebraically closed field. Then any 
irreducible finite dimensional K -representation of G is one-dimensional. 

Proof. Let (V, p) be any irreducible finite-dimensional if -representation of G. If g £ G then, 
since if is algebraically closed, p(g) has an eigenvalue, A say. Thus ker(p(g) — A.idy) =^ 
since it contains the eigenvectors corresponding to A. Hence, by Schur's lemma, we must have 
p{g) — A.idy = so that p(g) = A.idy . Given any subspace W of V we then get p(g) (W) C W 
so that W is a subrepresentation of V. But V is irreducible, so that either W = or W = V. 
Hence V has no non-trivial proper subspaces and so is one-dimensional, as required. □ 

Lemma 5.13. Let K be a (discrete) field with p invertible in if. Then every continuous 
finite- dimensional if -representation of 0* is a sum of irreducible representations. 

Proof. This is essentially Maschke's theorem. Let (V, p) be a continuous finite-dimensional 
if -representation of 0*. Suppose dim V = d > 1. Note that, as in the proof of Proposition 
15.101 kcr(p) D p N Q* for some N £ N and p factors through the finite abelian p-group G = 
0* /p N Q* ■ If V is irreducible, then we are done. Otherwise there is a proper subrepresentation 
W of V of dimension less than d. Let W be any vector space complement of W in V. Writing 
7r for the projection V — W © W -» W we define a map r : V — > V by 

1 1 sec 

Then the image of p is contained in W and for any w £ W we have r(w) — w; that is, r is 
a projection of V onto W. Let U — ker r so that V — U © W. For any h £ G it is easy to 
check that we have r{p(h)v) = p(h)r{y) so that if u £ U we have r(p(h)u) — p(h)r(u) = 
showing that p{h)u £ U . Thus U is also a subrepresentation of V and V — U® W is a sum of 
representations of 0* of dimension less than d. The result then follows by induction, noting 
that all 1-dimensional representations are (trivially) irreducible. □ 

Corollary 5.14. Every continuous Fi-representation of 0* is a sum of 1-dimensional rep- 
resentations. Moreover, this decomposition is unique up to reordering. 

Proof. The first statement is immediate from Lemmas l5.I2l and l5.I3l The second is a standard 
application of Schur's Lemma: any irreducible representation W appears in the decomposi- 
tion for V with multiplicity dimHom(V, W). □ 

Proposition 5.15. Let act on $ d by permuting the factors. Then the map $ d — > 
i?ep(0*, GLd{¥i)) given by (<p±, . . . , (f>d) i— > [<f>\ ® . . . © <pd\ induces a T-equivariant bijection 
$ d /Z d ^ RepiQ^GLdiFi)). 
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Proof. Apply Corollary 15.141 to sec that the map is a bijection. For 7 £ T we have 



7. [</>i, . ..,<^d] = [7-0i i • • >)7-0d] ^ [7-0i © ■ • ■ © 7-0d] = 7- [0i © ••• © 0d] 

so the map is T-equi variant. □ 

Lemma 5.16. Le£ V be an ¥ q -representation of 0* 0/ dimension d. Then V is irreducible 
if and only if there is a 1- dimensional ¥ q d -vector space structure on V and a representation 
4> : 0* — > GL\(¥ q d) with min{s £ N | <p q = 0} = d such that the diagram 

e * _ Fg [0*] »- End ¥q {V) 

<$> 

F* d >■ ¥ qd >■ End ¥qd (V) commutes. 

Proof. Suppose V is irreducible. Viewing V as an F 9 [0*] -module, let a : F 9 [0*] -> EndF 9 (V) 
be the map corresponding to the action of F g [0*] on V and put K = image(a). We will 
show that K ~ ¥ q d and that V is a 1-dimensional if-vector space. Let ^ -ijj £ K and 
write i/j = a(a) for a £ F 9 [0*]. Then, since 0* and hence F g [0*] is commutative, taking any 
b £ F 9 [0*] we have 

i/jffi.v) = (a(o) o a(6))(«) - (a(ab))(v) = (a(ba))(v) = a(fi)(i/)(v)) = M>(«). 

Thus ^ is an F g [0*]-endomorphism of and hence, by Schur's lemma, is an automorphism. 
Further, by the Cayley-Hamilton theorem, ip satisfies an equation ■?/'' r +ciV' 1 1 + - ■ -+c r = for 
some ci, . . . , c r 6F, with c r = det(ip) £ F* . Then ip' 1 = -a((cv_i + . . . + cia r_2 + a r_1 )c~ 1 ) 
lies in K and if is a field. 

Notice that, by definition of K, V is a if -vector space. Suppose dim.fi: (F) > 1 and let U 
be a proper i-T-subspace of V. Then, for a £ F 9 [0*] we have a{a) £ K so a(a)(u) £ U 
for all u £ U. Thus U is an F 9 [0*]-module; that is, U is a proper subrepresentation of 

V contradicting the fact that V is irreducible. Hence we must have dimxiV) — 1 so that 

V a K . Since dim^ (F) = d it follows that V ~ K ~ F g d, as required. 

For the final statement, let </> be the composition 0* — s* F g [0*] Endf 5 (V r ). Then, since 
image(0) C ¥ q d, it follows that 4> q — <j). Suppose that <f) q — 4> f° r some s < d. Then 
image((/>) C F g » C F g d . But then ¥ q s is a proper F 9 -subrepresentation of V, contradicting 
the fact that V is irreducible over ¥ q . 

Conversely, suppose we have an ¥ q d -representation <fi ■ 0* — > GLi(¥ q d) = ¥* d satisfying the 
relevant properties. Note that </> factors through a finite p-group Q* /p N Q* for some N, so 
that image(</>) C Syl p (F g d) ~ C p v , where v = v p (q d — 1). Further, the conditions on <fi ensure 
that 4> has order precisely p v and that, for any s < d, writing v s = v p (q s — 1) we have v s < v. 
Suppose that (¥ q d , 4>) is not irreducible and write ¥ q d ~ U\® ■ ■ - ® U m as a sum of irreducible 
Fg-representations [/, of dimensions di. Applying the first part of the result we find that 
Ui ~ ¥ q d i with action map fa : 0* — > (¥ qdi ) x . Then we find that imaged) ~ C p v di . In 
particular, since Vi < v, we find ((f>i) p = 1 so that ((pi x . . . x 4> m y =1. Hence we see 
that (jf = 1, contradicting the assumption on its order. Hence (¥ q d,(j>) is irreducible. □ 

We move towards an understanding of Rep(0*, GLd(¥ q )). By post-composing with the in- 
clusion GL d (¥ q ) ^ GL d (¥[) we get a map Rep(0*, GL d (¥ q j) -> Rcp(0*, GL d (¥i)). Since 
— r 

¥ q = ¥ t we see that this map lands in the T-invariants. Thus, using T-equivariance of the 
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bijection <& d /Y, d Rep(0*, GL d (¥i)), we find that we have a map Rep(0* ,GL d (¥ q )) -> 
(<I> d /Ed) r . We will shortly show this is bijective, but first we need a result from field theory. 

Lemma 5.17. Let K be a field and L be a Galois extension of K with Galois group G. Then 
there is a K-vector space isomorphism K®kL — > Map(G, K) given by a©b h- > (g t-» a.g(b)). 

Proof. This is a well known result. An application of |Ada811 Theorem 14. f] shows that the 
map K[G] — > Koirk{L, K) is an isomorphism of if-vector spaces and the result follows on 
applying Hom 7r ( — , K). □ 

Proposition 5.18. Let V be an irreducible ¥ q -representation of 0* of dimension d. Then 
there is a continuous Fi-representation (¥i,fa of 0* such that min{s G N | fa — fa\ = d 
and 

F, © F , V ~ (F,,0) © (F ; ,0 r ) © . . . © (F r<d_1) ). 

Proof. Using Lemma 15.161 we can assume that V — F;rd and we get an F;-representation 
<fi : 0* —> GLi(F;rd) >— > GLi(¥i) with the required properties on its order. Next we ap- 
ply Lemma [5.171 to the extension F r d/F 9 . Note that Gal(F r d/F 9 ) = (F r } is cyclic of or- 
der d generated by the r th power of the Frobenius map so that Map(Gal(F;rd/F g ), ¥i) is 
just F; . Thus we have an isomorphism of F;-vector spaces F; ©f, F;rd F; given by 
a © b i — y (ab, ab l , . . . ,ab l ( ). It is clear that, giving the right-hand side a 0*-action by 
x.{fli, . . . , ad) = (aifax), a24>(x) 1 , . . . , adfax) 1 1 ), the isomorphism is 0*-equivariant and 
thus is the claimed isomorphism of F;-representations. □ 

We will call an element of (<& d /Y,d) r irreducible if it is of the form [<f>, fa' , . . . , fa r{d 1 ] for 
some 4> € <E> with min{s € N | 0' = d We write Irr c ;( < i ) ) for the set of irreducible 

elements of ($ d /E d ) r . 

Proposition 5.19. The binary operation + : ($ S /E s ) r x (^ t /E t ) r -> (4> s+ */S s+4 ) r given 
by . . . , fa] + [fa, . . . , fa t ] = [fa,..., fa, fa Y , ... , 4>' t ] makes U d>0 ($ d /S d ) r into an abelian 
semigroup freely generated by the irreducible elements. 

Proof. If ... , fa] & ^ d /^d is T-invariant then [fa , . . . , fa] — [F r '.fa, . . . , F r .<j)d] so that for 
each i there is a j with fa = 4>\ . Thus fa , fa , fa , . . . all appear in the expression [fa, ... , fa] 
and so, by fmiteness, we must at some point have fa = fa. Thus [fa, . . . , fa 1 ] is an 
irreducible element of ($ S /E s ) r which appears as a summand in [fa, ... , fa]. Continuing in 
this way it is easy to see that [fa,..., fa] decomposes as a sum of irreducibles in a unique 
way. □ 

Proposition 5.20. The map a : Rep{Q* ,GL d (¥ q )) -> ($ d /S d ) r is bijective. 

Proof. By Proposition 15.181 a restricts to a map lrr(0*, GL d (¥ q )) — > Irr f j($); we will show 
that this is a bijection. It then follows, using Lemma 15.131 that U d>0 Rep(0*, GLd(¥ q )) 
bijects with Yid>o(^ d /^ d ) T anc ^ horn that we conclude that a itself is bijective. 



Take any irreducibles V, W € Irr(6*, GL d (¥ q )) with a(V) = a(W). Then, as before, we 



can assume that V — (F;rd,0) and W — (¥ ir d,fa) for some (f>,fa : 0* — > F? rd . Viewing 



4> and fa as maps 0* -> F* d -t F, X we have a(V) = [(f), fa 7 , . . . , fa" d and a(W) = 
[fa, (fa) 1 , . . . , (<j)') 1 ( ]. Thus we must have fa — fa for some < s < d and it follows that 
the F 9 -linear isomorphism V — > W , a *-> a 1 gives an isomorphism of F g -representations 
V ~ W; that is V = W in Irr(6*, GL d (¥ q )). 
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For surjectivity, given [<f>, , . . . , <\f ] € Irr £ ;($) wc have <p l — (j) so that the image 
of 4> is contained in F;rd C F; . Using Proposition 15.161 the irreducible d-dimensional ¥ q - 
reprcscntation V = (F^d, </>) satisfies a(V) = [4>, (jf , . . . , r(d 1 ]. □ 

Hence, to get a good understanding of Rep(0*, GL d (¥ q )) it suffices to study the set ($ d /T< d ) T ■ 
Lemma 5.21. The set Irr d (^>) bijects with T-orbits of size d on $. 

Proof. Each of these consists of all unordered d-tuples (<fi, <p q , . . . , 4> qd 1 ) with (f> qd — (f>. □ 

To take our analysis further, we will make the simplifying assumption that v p (q — 1) = v > 0. 
Proposition 5.22. Suppose that v p (q — 1) = v > 0. Then 

$(p v ) ifd = l 

Irr d {<5>) = { (<5>(p v+k ) \ Qipv+k- 1 ))^ ifd = p k for some k>0 
otherwise. 

Proof. The case d = 1 is clear. For d > 1, using the fact that $ is a p-group we see that <f> 6 $ 
generates a T-orbit of size d if and only if it has order _1 ) and v p (q s — 1) < w p (q d — 1) 

for all s < d. By Proposition 12.331 this latter requirement is equivalent to v p (s) < v p (d) for 
all s < d which is satisfied precisely when d is a power of p. □ 

We look at two easy to understand cases. 

Proposition 5.23. Suppose that v p {q — 1) = v > and d < p. Then 

($7£ d ) r = Irn^) d /^ d = t>(p v ) d /Z d . 

Proof. Since every element of the left-hand side is a sum or irreducibles and d < p it follows 
from Proposition 15. 221 that all these irreducibles must be in Irri($). □ 

Remark 5.24. Suppose that v p (q — 1) = v > and d < p. As $>(p v ) consists of all e $ 
for which <f> p — 1, any such <fi therefore satisfies </> 9 = 4> and thus has image contained in F g . 
Hence Rep(0*, GLi(¥ q )) — > $(p v ) is a bijection and the diagram 

Rep(6*,GL d (F 9 )) — ($ d /S rf ) r 

Rep(6*, GL 1 (¥ q )) d /Z d — ^ *(p v ) d /E 4 

shows that Rep(6*, GL d (¥ q )) = Rep(9*, GLi(¥ q )) d /Y, d ; that is, any representation p : 0* -> 
GLd(Fg) is diagonalisable. 

Proposition 5.25. Suppose that v p (q — 1) = v > 0. TTierj 

($VE p ) r - (Jm(WE P )LI/nv,(3) - ($(p") p /s p )IJ(*(p" +1 ) \3(p°))/r. 

Proof. Writing any element in the left-hand side as a sum of irreducibles, it is clear that 
either it is already irreducible or it is a sum of 1-dimensional irreducibles. □ 

For d > p things get more complicated. 
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5.2.2 Applying the character theory 

Now that we have a good understanding of the set Rep(6*, GL d (¥ q )) we can apply the 
generalised character theory to the group GL d (¥ q ) to better understand the structure of its 
cohomology. We first need the following lemma. 

Lemma 5.26. Let G act on a set X. Then, if Y is any set, G acts on Map(X,Y) by 
(g.f)(x) = f(g~ 1 .x) and the obvious map Map(X/G,Y) — > Map{X,Y) gives a bisection 

Map(X/G,Y) ~ Map(X,Y) G . 

Proof. Given / : X/G — > Y it is clear that the map / : X — > Y, x i-> f(x) is G-invariant and 
it is easy to check that this construction gives a bijection of sets. □ 

Recall that Td denotes the maximal torus of GL d (¥ q ). 

Proposition 5.27. Suppose that v p (q — 1) = v > and d < p. Then the restriction map 
induces an isomorphism L ® E o E°(BGL d (¥ q )) ^ L® E o E°(BT d )' Sd . 

Proof. Note first that Rep(e*,T d ) = Rep(8*, (F* ) d ) = Rep(6*,F g x ) d = Rep(9*, GL 1 (¥ q )) d . 
Then, using the remarks in 15. 241 applying the generalised character theory we get a diagram 

L ® B o E°(BGL d (¥ q )) - > Map(Rep(e*, GL d (F q )), L) 

i 

L ® E o E°{BT d ) s « — ^ Map(Rep(e*, L)^ 



L ® E o E°(BT d ) — > Map(Rep(8*, GLi(F,)) d , L) 

which gives the result. □ 

In fact it is not hard to show that the map E°(BGL d (¥ q )) — > E°(BT d )^ d is itself an isomor- 
phism, which we do in Chapter [6l 

We next look at the case where d = p and again take the simplifying assumption that 
v p (q — 1) = v > 0. Fix a basis for ¥ qP as a vector space over ¥ q . Then for any a G ¥ qP 
we have an F 9 -linear automorphism fi a : ¥ qP — » ¥ qP given by multiplication by a. Let 
H : ¥ qP — > GL p (¥ q ),a h-> /i a be the corresponding group homomorphism. This gives us a 
map n* : E°(BGL p (¥ q )) E°(B¥* P ). We need the following lemma. 

Lemma 5.28. For any s > 0, the quotient maps E°lx] l /[p s+1 ](x) —> E°lx] l /[p s }(x) and 
E°lx1/[p s+1 }(x) —¥ E°lx^/ (p)([p s ](x)) induce an isomorphism 

E°lxj „ ( E°lxj\ ( E a \x\ 



where (p)(t) = [p]{t)/t £ E°ltj is the divided p-series. 

Proof. Recall that [p s+1 ](x) and [p s ](x) are unit multiples of the Weierstrass polynomials 
g s +i(x) and g s (x) respectively. Further g s (x) divides g s +i(x). Put g(x) — g s+ i(x) / g s (x) . 
Then, since (p){x) = p mod x it follows that (p) (\p s ](x)) = p mod [p s ](x) so that p is in the 
ideal of £ , °[[:e]]/[p s+1 ](x) generated by g{x) and g s (x). Hence, using the Chinese remainder 
theorem (in particular, Corollary 12.221) the result follows. □ 
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Note that v p (\F qP ) = v p {q p — 1) = v + 1 and our complex orientation gives us a presentation 
E°(BF* P ) ~ ^[xl/Ip"^]^). Further, T acts on £?°(5F^,) and hence also on the quotient 
ring E°lxy{p)([p v ](x)). Write q : E°(BF* P ) -> E°H/(|))([/](i)) for the quotient map and 
let a = 9 o ^* : £°(BGL p (F g )) -> E°[ a! ]/<p>([p''](aO). 

Proposition 5.29. Suppose that v p (q — 1) = u > and Ze£ a 6e as above. Then a lands in 
the T-invariants of E \x~\j ' (p)([p v ](x)) and the map 

L® E0 E°(BGL p (W q )) — > (L® E o E°(BT p f*) x (i ® B o (E°lxj/ (p)([p v ](x))) r ) 

is an isomorphism. 

Proof. We will defer an explicit proof that a lands in the T-invariants until Chapter [5] al- 
though it is implicit in the workings below. Using the generalised character isomorphism we 
have a diagram 

L® E o E°(B(F qP ) x ) -^-Map(Rep(e*,(F 9 *) x ),L) ^= Map($(p 1,+1 ), L) 



L® E0 E°{B(F q ) x ) -^^Map(Rep(e*,(F 9 ) x ),.L) Map($(p 1 '), L) 

But 

M&p{<f>{p v+1 ),L) = Ma,p($(p v )]l$>(p v+1 )\$>(p v ),L) 

= Map($(p°), L) x Map($(p u+1 ) \ $(p v ),L). 

Thus, using the isomorphism of Lemma 15.281 we have 

L®e° 1 ffH » = ke r (L® E „E (B(F qP r)^L® E «E°(B(F q r)) 
(p)([p u ](x)) 

~ ker(Map($(;/ +1 ),L) -> Map($(p"), L)) 
= Map($(p"+ 1 )\$(p w ),i). 

Finally, Froposition l5.25l gives 

L® B o £°(BGL p (F g )) -(L® £0 E°(BT P )^) x (Hg^o (B°W/(p}(b1W)) r ) 



Map(($P/S p ) r ,i) — ^Map(($(p")P/E p ),X) x Map(($(^ +1 ) \ $(p"))/T, L) 
and the result follows. □ 

In Chapter [5] we will look at the maps of Froposition 15 . 291 again and see that there is a close 
relationship between them even before applying the functor L ® E o —. However, we will no 
longer obtain a splitting; the relationship is more subtle. 
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Chapter 6 

The ring E°(BGL d (K)) 



In this chapter we examine the structure of the ring E°(BGL d (K)) for finite fields K of 
characteristic different from p. We first consider the low dimensional case where d < p before 
moving on to study the more complex situations that arise when d — p. Our main results will 
assume that v p (\K | x ) > so that we have a good understanding of the Sylow p-subgroups 
of GL d {K) from Sectional 



6.1 Tanabe's calculations 

Let / be a prime different to p and q = V for some r. Let L = T q be the subgroup of 
Gal(F;/F 9 ) generated by F q — F r , where F is the Frobenius homomorphism a i-> a 1 of 
Section ETPl Then T acts on GL d (¥i) component- wise and GL d (¥ q ) = GL d (¥i) r . We use 
the following lemma. 

Lemma 6.1. Let h be any cohomology theory. Let K act on a group G and H be a subgroup 
of G K . Then the restriction map h*(BG) — > h*(BH) factors through h* (BG)k , where 
h*(BG)K denotes the coinvariants of the induced action, that is the quotient ofh*(BG) by 
the ideal {a - k*a | a E h*(BG), k e K] . 

Proof. Let k € K. Then the commuting diagram 



G ■ 



G 



H h*(BG) >■ h*(BH) 

induces 

fc* 

h*{BG) 



showing that a — k*a is in the kernel of the restriction map h*(BG) — > h*(BH). 



□ 



In his paper |Tan95] . Tanabe proved the following result. 

Proposition 6.2. K{n)*{BGL d {¥ q )) is concentrated in even degrees and restriction induces 
an isomorphism K(n)*(BGL d (¥i)) r ~ K(n)*(BGL d (¥ q )). 

Thus we have K(n)*(BGL d (¥ q )) ~ K{n)"[a u . . .,<r d l/{ax - (F q )*a u ...,a d - (F q )*a d ). In 
fact, Tanabe's result lifts to i?-theory; that is, we will prove the following. 
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Proposition 6.3. E*(BGL d (¥ q )) is concentrated in even degrees and is free and finitely 
generated over E* . Further, the restriction map induces an isomorphism 

E*(BGL d (¥i))r ~ E*(BGL d (¥ q )). 

To prove this we need a number of intermediate results. Note first that, by Proposition 
14.541 and the fact that K(n)* (BGL d (¥ q )) is concentrated in even degrees, E*(BGL d (¥ q )) 
is free over E* and concentrated in even degrees and, further, K*(BGL d (¥ q )) = K* ®e* 
E*{BGL d {¥ q )). Hence it suffices to prove the result in degree 0. 

Lemma 6.4. K° ® E o E°(BGL d (¥i)) r = K°{BGL d {¥i)) r . 

Proof. Since £°(5GL d (F ; )) = -E°[<xi, • . • , <r d \ = Zp[ti ls . , u„_i, oi, . . . , a d \ (by Corollary 
l4~82l) it follows that K°{BGL d (¥i)) = K° ® E o E°{BGL d {¥ l )) and we have a diagram 

E°(BGL d (¥i)) £°(£G£ d (F;))r E°(BGL d (¥ q )) 

K°(BGL d (¥i)) K° ® E0 £?(BGL d (F,))r K°(BGL d (¥ q )) 



K°(BGL d (¥i))r 

where the second row is reduction modulo (p, u\, . . . , u n —i). Chasing the diagram we see that 
the map E°(BGL d (¥i))r — > K°(BGL d (¥i))r is surjective and, further, it is just reduction 
modulo the ideal (p, u x , . . . , u„_i); that is, K° ® E o E°(BGL d (¥i)) r = K°(BGL d {¥i)) r . □ 

Lemma 6.5. The sequence p,Ux, ... ,tt n _i is regular on E°(BGL d (¥i))r- 

Proof. Write a* for {F q )*a % . Then, by |Tan951 Proposition 4.6], p, a\ — o^, . . . , u d - a d is a 
regular sequence on 

(tti,...,u„_i) (ui, . . . ,u n -i) 

It follows that iti, ... , u n -i,p, ci — cr^, . . . , a d — a* d is regular on E°(BGL d (¥i)). But, since 
E°(BGL d (¥i)) is a Noetherian ring, the corollary to Theorem 16.3 in [Mat89| tells us that 
o~\ — ctj" , . . . , ad — o~2,p, Mi, . . • , ii n _i is also regular. Hence p, ui, . . . , u n -\ is regular on 
E°(BGL d (¥i))/ (cti — <t|, . . . , (7^ — cr^) = E°(BGL d (¥i))r- □ 

Lemma 6.6. E°(BGL d (¥i))r is finitely generated over E°. 

Proof. Since E°(BGL d (¥i)) = Z p [ui, . . . , <7i, . . . , <7d| has Krull dimension d + n it fol- 
lows that £°(BGL d (F ; ))r/(p, m, . . . , u„_i) = K°(BGL d (¥i)) r has Krull dimension 0. Thus, 
using Lemma \2. 151 we see that K°(BGL d (F;))r is finite-dimensional over F p . Thus, an ap- 
plication of Lemma \2. 161 shows that E°(BGL d (F;))r is finitely generated over E°. □ 

Proof of Proposition \6.3l Since p,ut,..., u n -\ is regular on the finitely generated _E°-module 
E°(BGL d (¥i)) r an application of Lemma EH shows that E°(BGL d (¥i)) r is free over E°. 
Thus the map E°(BGL d (¥i)) r -> E°(BGL d (¥i)) is a map of finitely generated free E°- 
modules which becomes an isomorphism modulo (p, u\, . . . , u n -x). Hence, from Proposition 
12.121 the map is surjective. But a surjective map of free modules of the same rank must be 
an isomorphism, and we are done. □ 
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6.2 The restriction map E°(BGL d (K)) ->> E°(BT d ) 

Recall that Td ~ (K x ) d denotes the maximal torus of GLd(K) and that there is a restriction 
map E° (BGLd(K)) — > E°(BTd)^ d . This map plays a large part in our later calculations 
and we show now that, for all d and K, it is surjective. Put v — v p (\K\ x ). Then using our 
complex orientation we have an identification 

E°(BT d ) =s Efl[x u . . . s z«,]/([P ](*i)> • • • . \P V }(^)). 

Note that Td naturally sits inside Td — (K X ) d C GLd(K). We need a couple of definitions. 

Definition 6.7. Let M be a finitely generated free R- module and G a (finite) group acting 
on M. Then we call M a permutation module for G if there is a basis for M over R such 
that the action of G permutes the basis. 

Lemma 6.8. Let M and G be as above and let S be a basis for M closed under the action 
of G. For s6S write 

s' £ orbo (s) 

Then the set {s G \ s E S} is a basis for M G . 

Proof. Let m = X^ses m * s ^ AT G . Then, for g E G, we get g. X^ses TOsS = Sses TOsS so that 
Sses m s{g-s) — X)ses m s s - Thus, using the fact that G permutes S, we have m g . s = m s for 
all s. Hence m s i = m s for all s' E orbc(s). It follows that m is an i?-linear sum of the s s. 
That these are linearly independent follows easily from the fact that S was a basis. □ 

The basis introduced above for M G is known as the basis of orbit sums, for obvious reasons. 

Lemma 6.9. Let E^ act on Td and Td by permuting the coordinates. Then restriction 
induces a surjective map E°(BTd)^ d — > E Q (BTd)^ d . 

Proof. Firstly, since the restriction map E°(BTd) — > E°(BTd) is E^-equivariant it induces a 
map of the E^-invariants. We have identifications E°(BTd) — E°\x\, . . . , Xd§ and E°(BTd) — 
E°\x\, . . . , Xd]/{\p v ]{xi)) with restriction being just the obvious quotient map. Using Corol- 
lary EM E°lx u ...,x d j/([p v ]( Xi )) has basis S = {x^ 1 ...x^ d | < a k < p nv } over E° 
and is a permutation module for E^. Thus we can take the basis of orbit sums for the 
£d-invariants. It is easy to see that any such basis element can be lifted to a E^-invariant 
element of E°(BTd) under our map and we are done. □ 

Proposition 6.10. The restriction map E°(BGLd(K)) — > E°(BTd)^ d is surjective. 

Proof. Using Corollary 14.821 a system of inclusions induces the diagram 

E°(BT d f d E a {BGL d (K)) 

E°(T d f d - E a (BGL d (K)) 

showing that the composition E°(BGLd(K)) —> E°(BT d )^ d is surjective and hence that 
E°(BGL d (K)) -4 E°{BT d ) Sd is also surjective. □ 
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6.3 Low dimensions 



Here we deal with the case where d < p. As usual, we let q = V be a power of a prime 
different to p and let T d denote the maximal torus of GLd(¥ q ). Our main theorem in this 
case is as follows. 

Theorem B. If d < p and v p (q — 1) = v > then the restriction map E° (BGLd(¥ q )) — > 
E°(BT d ) induces an isomorphism E t) (BGL d (¥ q )) ~ E°(BT d )^. 

Proof. By Proposition ^. 121 Td is a Sylow p-subgroup of GLd(¥ q ) and it follows that the map 
E°(BGL d (¥ q )) -)■ E°(BT d )^ d is injective. Further, the image is the whole of E°(BTdf d 
by Proposition 16. 101 □ 

Corollary 6.11. With the hypotheses of Theorem\B\ we have a presentation 

where res^ d< " K \xi) = euleri(T d — ^ F* >— > F;) and, as E° -modules, 

E°(BGLd(W q )) ~ ^{a? 1 . . . ^ | < a x + . . . + a„ < p™"} 
where Oi is the i th elementary symmetric function in X\, . . . ,x n . 

Proof. The first statement follows from the corresponding presentation of E°(BTd)^ d . The 
-E°-basis is an application of Proposition 12.91 □ 

Before we move on to the higher dimensional cases we note that, by the work of Strickland 
in [StrOOj . both of E°(BGL d (¥ q )) and K°(BGL d (¥ q )) have duality over their respective 
coefficient rings in the sense of Section 12.1.111 In fact we can verify the latter claim directly. 

Lemma 6.12. Let N 6 N and write A = ¥ p [[xi, . . . , Xd]]/ (x 1 ^ , . . . ,x^). Then, taking the 
standard basis for A, the map A — > ¥ p given by fc Q x Q i — > kN-i,....N-i is a Frobenius 
form on A. 

Proof. Note first that 

soc(A) = amu(m) = ann^xi, . . . ,x d ) = {{xi . ..x^^ 1 ) = ¥ p .(xi . ..Xd) 1 ^" 1 . 

As in the proof of Proposition ^. 271 it follows that A has duality over ¥ p and that the given 
map is indeed a Frobenius form on A. □ 

Corollary 6.13. For any N G N, the ¥ p -algebra (F p [[a;i, . . . , Xd]]/(x^ , . . . ,x^)) Sd has du- 
ality over ¥ p . 

Proof. Apply Proposition ^ . 281 with A being the F p -algebra F p [[a;i, . . . , Xd]]/(x^ , . . . and 
G = Ed, noting that A has F p -basis {x" 1 . . . x^ d | < ot\,...,ocd < N} and that the map 
A — >• F p given by ^ Q fc Q x a i — > fcjv-i,...,iV-i is a Frobenius form on A. □ 

Corollary 6.14. With the hypotheses of Theorem^ the algebra K°(BGLd(K)) has duality 
over K° = ¥„. 
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Proof. By Proposition g35] we have K°(BGL d (K)) = K° ® E o E°{BGL d (K)). Since \p v ]{x) 
is a unit multiple of x p modulo (p, Ux, ■ • ■ , u n ) we find that 

K°(BGL d (K)) = ¥ P lx 1: . . . , x d y(xf V xf "). 

Applying the preceding proposition then gives the result. □ 

Remark 6.15. The case where v p (q — 1 ) = seems to be quite complicated. However, by 
ProDOsition l3.f 41 we have identified a Sylow p-subgroup P of GL d (K) and it follows that the 
restriction map E°(BGL d (K)) — > E°(BP) is injective. It remains to identify the image of 
the map, although this will be easier said than done. 



6.4 Dimension p 

As usual, let q = l r be a power of a prime I different to p and suppose that v p (q — 1) = v > 0. 
We aim to get a handle on E°(BGL p (¥ q )) by consideration of two comparison maps to more 
easily understandable rings. As for the low-dimensional case we have the inclusion of the 
maximal torus T = T p which induces a map to one of these rings, although unlike for the 
lower dimensional case this will no longer be an isomorphism. For the other, choosing a basis 
of F* P over ¥ q leads to an embedding p : F* P — > GL p i¥ q ) and we use this to define our second 
map. It is the interplay between these two maps that will give us the structure theorem in 
this case. 



For the remainder of this section, we will let (3 : E (BGL p (¥ q )) -> E°(BT) l: '' denote the 
surjective restriction map of Section 16.21 As in Section 15.2.21 writing x — euler; (F^ P >— > 
F Z X ) we get E°(B¥^ P ) ~ E \x\/[p v+1 ]{x) and hence a quotient map q : E°{B¥^ P ) -> 
E°lx^/ (p)([p v ](x)) and we denote the target ring here by D. We then let a — q o /i* : 
E°(BGL p (¥ q )) -> D. Note that T = G&\(¥ qP /¥ q ) acts on E°(B¥* P ) and hence also on D. 



Lemma 6.16. The map E°(BGL p (¥ q )) -> E°(Bl 
image of a is contained in D r . 



lands in the T-invariants. Hence the 



Proof. Let k e F^ P . Then the F 9 -linear isomorphism F q fits into the diagram 



F 


lP _1^F 


l p 




i ( 


Fq 


F 


^F, 

' xk q ^ 


P . 



Hence, with our chosen basis for ¥ qP over ¥ q , there is an F q G GL p (¥ q ) corresponding to the 
Frobenius map and the diagram 



- qP - 



F x >- 



GL p (¥ q ) 
GL p (¥ q ) 



commutes. On passing to cohomology, conjp is just the identity map so that the map 



E°(BGL p (¥ q )) -> E°(B¥*) lands in the T-invariants. The result follows. 



□ 



()S 



We now state our main theorem in this case. 

Theorem C. Let q = V be a power of a prime I different to p and suppose that v p (q — 1) = 
v > 0. Then there are jointly injective E° -algebra epimorphisms 



E°(BGL p (¥ q )) 




which induce a rational isomorphism 

Q®E°(BGL p (¥ q )) -A- (Q(g)E°{BTf") x (Q <g> D r ). 

Further, both ker(a) and ker(/3) are E° -module summands in E a (BGL p (¥ q )) and the latter 
is principal. Finally, we have ker(a) = ann(ker(/3)) and ker(/3) = ann(ker(a)). 

The rest of this chapter is devoted to proving this result. 



6.4.1 A cyclic p-subgroup of maximal order 

Recall that we defined a : E°(BGL p (¥ q )) — > D as the composite of the restriction under some 
embedding F X P — > GL p (¥ q ) and a quotient map. For convenience, we choose the embedding 
a little more carefully to allow us easier analysis of the structure. 

Recall, from Section 12.1.41 that we have a fixed embedding F* — > S 1 and this gives us an 
isomorphism of groups Z/p 00 —t {a 6 F ; X |a p ' = 1 for some s}. Hence, for each s > 1, we 
have canonical generators, a s say, for the cyclic subgroups C p s compatible in the sense that 
a p s+1 = a s . 

As in Section 13.31 we let "f — "f p denote the standard p-cycle (1 . . .p) £ T, p and put 

a = 7 (a t „ 1, . . . , 1) e S P I F ? x C GL p i¥ q ). 

We then let A = (a) be the subgroup of GL p {¥ q ) generated by a. Note that a p = (a v , . . . , a v ) 
so that a p =1 and A is cyclic of order p v+1 . 

Now, from Proposition 13.221 A is a maximal abelian p-subgroup of GL p (¥ q ) and any other 
cyclic subgroup of order p v+1 is GL p (F g )-conjugate to A. In particular, A is conjugate to 
the p-part oi ¥ qP ~ C p v+x. That is, there exists g £ GL p (¥ q ) such that gAg -1 C F^ P . But 
then, by post composing our chosen embedding ¥ qP — > GL p i¥ q ) by conj 9 -i, we get a new 
embedding such that A is precisely the p-part of F^ P . Thus we can assume that our original 
embedding was such that A C F^ P and hence we can identify E°(B¥ qP ) with E°(BA). Thus 
the map a can be viewed as the composition GL p (¥ q ) — > E°(BA) ~ _E°[a;]]/[p t ' +:L ](a;) — >• D, 
where x = euler ; (A >-» F g x P >-> (F ; ) x ). 

6.4.2 The ring D T 

We defined D = E° '[a;] / (p) ([p v ](x)) as a quotient ring of E°(B¥ qP ) in the previous section 
and noted that it inherited an action of T = (F q ) = Gal(Fq P /¥ q ) ~ C p . Our first step is to 
understand how this action works. 
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Lemma 6.17. The action ofT on D is given by F q .x — [q](x). 

Proof. Using the embedding F* >— > S 1 we get a diagram 

F£ S 1 

F q ) 

F*, S 1 z«. 

On passing to cohomology the result follows. □ 

To progress, we record a couple of results concerning norm maps. Let R S be an extension 
of rings and suppose that S is finitely generated and free over R of rank n. The norm map, 
Ns/r '■ S — y R, is defined by Ns/r{s) = det(/i s ) where ji s : S — s> S is multiplication by s. 

Lemma 6.18. Let R ^ S be an extension of rings and suppose that S is finitely generated 
and free over R of rank n. Then Ng/ R (s) is divisible by s for all s E S . 

Proof. After choosing a basis for S over R let Xs{t) — det(/i s — tl) so that Xsif) = t n + 
a n -it n + . . . + do with ai E R for each i. By the Cayley-Hamilton theorem we have 
A*" + fln-iMs" -1 + ■ • • + a o — and hence s n + a„_is" _1 + . . . + a = 0. Since ao = x«(0) = 
det(/i s ) = Ns/r(s) we see that s|./Vg/ fl (s), as required. □ 

Recall that any integral domain R has a field of fractions which we denote by Q(R). 

Lemma 6.19. Let R » S be an extension of integral domains and suppose that S is finitely 
generated and free over R of rank n. Let =/= s E S and suppose that Ns/r(s) = 0. Then 
s = 0. 

Proof. Choose a basis for S over R and let /i s : S — > S be multiplication by s, so that we 
can view fj, s as an n x n matrix over R. Then det(/i s ) = Ns/r(s) — so, by linear algebra 
over Q(R), there is a non-trivial u = (u\, . . . ,u n ) £ Q{R) n with fi s .u = 0. Write it, = Mj/iOj 
for some u,-, Wi € i? with u>i ^ 0. Put w = J\ i Wi ^ and u = wu. Then ^ u E i? n and 
Hs.u = wfj, s .u — 0. That is, there is a non-zero element u <E S such that su = /i s (u) = 0. 
Hence, since S is an integral domain, s = 0. □ 

Proposition 6.20. Let R S be an extension of integral domains and suppose that S is 
finitely generated and free over R. Then Q(S) = Q{R) ®r S. 

Proof. Let <j> : Q(R) &>r S — > Q(S) be the ring map <f>{k ® s) = ks. We show that cf> is an 
isomorphism. For injectivity, take a = Yl- (bj ® Ci/di) € ker(</>) with bi € S and Ci,a\ E R 
with di ^ 0. Put d — Yii d% (necessarily non-zero) and di = Yljjti^j- Then we have 
a = ® Cidi/d) = J2i(bi c idi ® 1/d) and so, since ^(o) = 0, we get hc^/d = in 

Q(S). Thus, we see ^ 6iC,d, = and a = biCidi) ® l/d= 0, as required. 

To show that is surjective, take a/6 E Q(S') and let c = Ns/r(o) E i?. Since 6 ^ we see 
from Lemma 16.191 that c 7^ so 1/c exists in Q(R). By Lemma l6.18l we have c = 6.6 for some 
6 E 5 and then a/b = ab/ c = <j){l/ c® ab). Hence <fi is an isomorphism, as claimed. □ 

We now have the tools we need to study the rings D and D T and, in particular, their module 
structures over E°. 
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Definition 6.21. Wc will let N = (p»( t '+ 1 ) - p nv )/p and define y = JJlM 1 + kp v ](x) G D. 
We also let g(x) = g v +i(x) / g v (x) be the Weierstrass polynomial of degree Np which is a unit 
multiple of (p)([p v }(x)) in E°{x}. Note that D = E°{x\/g{x). 

Lemma 6.22. With the notation above, g{x) is monic and irreducible over E . 



Proof. By definition g{x) is monic. Note that g(x) ~ [p v+1 ](x) j '[p v ](x) = (p)([p v ](x)) so 
that g(0) ~ p, say 5(0) = ap for some unit a £ (E°) x . Then, since g(x) = x Np modulo 
(p,ui, . . . , u n -i), an application of Eisenstein's criterion f |Mat891 p228]) shows that g(x) is 
irreducible over E°. □ 

Corollary 6.23. D is an integral domain and is free of rank Np over E°. 



Proof. The first result is immediate since D = E a \x\/ g(x) and the second is an application 
of the Weierstrass preparation theorem. □ 

Lemma 6.24. D is free over E° with basis S = {x l y j | < i < p, < j < N}. 



Proof. We first show that S generates D over E°. Working modulo (p, u\, . . . , u n _i) we 
have g v+ i(x) = and g v (x) = x nv so that g(x) = x n ^' +1 '>- nv = x Np . Hence 

D/(p, ui, . . . , = F p [a;] /x Np = F p {l, x, . . . , a;^" 1 } as an F p -vector space. Now, since 

V = nl=Q[l + hp v ](x) = Uk=o ((! + k P V ) x + 0(2)) we find that, mod (p, m, . . . , we 
have y = x p + 0(p+ 1). It follows easily that {x % yi < i < p,0 < j < N} is also a basis for 
D/(p,ui, . . . ,u„_i). Applying Lemma [2.161 gives us a generating set S for D over E° . But 
D is free over E° of rank Np — \S\ so that S is a basis for D. □ 

Lemma 6.25. Let y' = I^^r l- x G D r . Then y = y' and, in particular, y is T -invariant. 

Proof. Since T — (F q ) is cyclic of order p we find that y' = YikZoi < l k ]( x ) ■ But, by assumption, 
q = 1 + ap v for some a not divisible by p and it follows that q generates the subgroup 
l+p v Z/p v+1 C (Z/p t,+1 ) x . Thus y'^nCot 1 + ^1(2:) =y- □ 

We now aim to understand D T . We already know that y € D T . 
Lemma 6.26. T acts on Q(D) by 7.^ = ^ and Q{D) T = Q{D r ). 

Proof. It is clear that we have an inclusion Q(D T ) ^ Q(D) which lands in the T-invariants. 
It remains to show that the map is surjective. Using Proposition 16.201 we have Q(D) = 
Q(D r ) ® D r D. Take any f = f ® c € Q(D) r ® D r D, where a,b <E D r and c e L>. Then, 
for all 7 € T we have 7.^ = ¥ so that ^ = ^ whereby 7.C = c. Thus c e D r and 



^ e Q(D r ). □ 



Lemma 6.27. Q(D) has dimension p over Q(D T ) . 



Proof. We can embed T >— » Gal(Q(£>)/Q(i? )) and so, by Galois theory, Q(D) has dimension 
|r|=poverQ(L>) r = Q(D r ). □ 

Proposition 6.28. £> is /ree o?;er D r with basis {l,x, ■ ■ ■ ,x p ~ 1 }. 
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Proof. By Lemma T6. 241 we know that S — {x l yi \ < i < p, < j < N} generates D over 
E°. Since y G D T we find that the map D T {1, x, . . . , x p_1 } — > D is surjective. Applying 
the functor Q{D T ) ® D r — we get a map <3(-D r ){l, x, . . . , x^" 1 } — > Q{D) which, by right 
exactness, is also surjective. But, by Lemma \6. 2 71 both source and target are Q(D r )-vector 
spaces of dimension p and therefore the map is an isomorphism. Consider the diagram 

D r {l,x,...,xP- 1 } 



Q(D r ){l, x,..., x^ 1 } Q(D). 

Since D T is an integral domain, the left-hand map is injective. Thus we see that the map 
D r {l, x, . . . , x p_1 } — > D is also injective and hence is an isomorphism. □ 

Proposition 6.29. D T is free over E° with basis {1, y, . . . , y^" 1 } and there is a polynomial 
h(t) G E°[t] of degree N such that D T = E°lyj/h(y). 

Proof. For the first claim, note that we have a map E°{1, y, . . . , y N ^ x } — > D T and the 
diagram 

(E°{l,y, . . .,y N - l }){l,x, . . .^p- 1 } D r {l,x, . . . .x^ 1 } 

i 

E°{S} b 

shows that it must be an isomorphism. For the second claim, write y N = J^. aiy 1 for unique 
a,i G E°; then the polynomial h(y) = y N — J^i a iV % does the job. □ 

Lemma 6.30. D T j (y,m, . . . ,u n -%) is a one dimensional vector space over ¥ p . 

Proof. The isomorphism of D r -modules D T {1, x, . . . , x p_1 } —> D induces a module isomor- 
phism D T /(y, u±, . . . , u„_i){l, x, . . . , x p_1 } — > D/(y, U\, . . . , ti„_i). But q is coprime to p 
and so y = IIfc=o fe^K 35 ) * s a un ^ multiple of Ylk=o x — x p in D. Hence D/(y, u\, ... , u n -i) = 
D/(x p , ui, . . . , u n -i). It then follows that 

x p ~ 1 D/ (y,ui,..., Un-t) = xP~ x D/ (x p , tti, . . . , it„_i) ~ D T / (y,iti, . . . , u„_i) 

so that D T j (y, u\, . . . , u n -x){l, x, . . . , x p ~ 2 } ~ D/(x p ~ 1 , u±, . . . , it n -i)- We can continue in 
this way to see that D T ~ D/(x, Ui, . . . , u n _i). But <?(x) = p mod x whereby 

£> r /(y,ui, . . . ,«n-i) - D/(x,ui, . . . ,u n -i) = E \x\/{x,p, ui, . . . ,w„_i) ~ F p . □ 

Proposition 6.31. _D r is a regular local ring and y,u\, . . . ,m„_i a system of parameters. 

Proof. As D r is finitely generated over i? it follows that the Krull dimension of D T is equal 
to the Krull dimension of E°, namely n. Thus, since the maximal ideal of D T is generated by 
y, til, ... , Un-i it follows that embdim(£) r ) < n and hence that D T is a regular local ring. □ 

Proposition 6.32. The map a : E° (BGL p (¥ q )) — > D T sends Oi to the i th elementary 
symmetric function in x, [q](x), . . . , [g p_1 ](x). Further, a is surjective. 
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Proof. Recall that an application of Lemma [5.171 gives us the isomorphism of F;-vector spaces 
ip : F; F q p Ff , a <g> b n- (ab,ab q , . . . ,ab qP ' 1 ). Thus there is g = e GL p (F ; ) such 
that 

F*„ GL P (F ; ) 

conj g 

(F,> -GL P (F ; ) 

commutes, where the left hand map is a H> (a, a 9 , ... , a ?P 1 ). Passing to cohomology gives a 
commutative diagram 

£°(BGL P (F ( )) E°(BF* P ) 




E°(B(F?y) ^— E°lxi, ...,«„] 

where the map E°(B(F*) P ) ->• J B ( J BF X P ) sends x l to [g i_1 ](a;). Remembering that 

E°(BGL p (¥i)) ~ E°(BT) Sp = E a \ai, . . . , cr p J 

we see that a((Ti) is the i th elementary symmetric function in x,[q](x) 7 . . . ,[q p ~ 1 ](x); in 
particular, a(a p ) = y. Since y generates D r , we are done. □ 

6.4.3 An important subgroup 

Recall that, from Section O there is a subgroup N = N p = T, p I F^ of GL p (F 9 ). The 
cohomology of wreath products is fairly well understood (see jNak6l]); we will use methods 
similar to those of |Hun90] to calculate E°(BN). The structure of such rings is usually 
expressed in terms of standard euler classes, but we get analogous results with our Z-euler 
classes. We begin with a couple of standard results from group cohomology. 

Lemma 6.33 (Shapiro's lemma). Let R be a ring and H be a subgroup of G. Then 
H*(G:R[G/H}) = H*(H;R), where R is a trivial H -module. 

Proof. This is }Wei94[ 6.3.2] with A = R. □ 

Lemma 6.34. Let G be a finite group and M a G-module. Then \G\.H l (G; M) = for all 
i > 0. In particular, if multiplication by \G\ is an isomorphism M — > M then H l (G; M) = 0. 



Proof. This is |Wei941 Theorem 6.5.8]. □ 

Lemma 6.35. Let S be a set and let £ p act on S p in the usual way. If s £ S p then either 
s e (5 p ) Sp = A(S) or p divides \orbs p (s)\. 



Proof. Let H be a subgroup of E p and suppose that s is fixed by H. If p divides the order of 
H then H contains a cyclic subgroup of order p necessarily generated by a p-cycle, a say. But 
a acts transitively on S p so that we must have s — (si, . . . , si) 6 A(S*). Thus, for s G 5 P , 
either s £ A(S') or stabs p (s) = H for some subgroup H C S p with order not divisible by p. 
The result follows. □ 

Lemma 6.36. We have H*(Y, p ; Z p ) ~ 1, p \z\lpz for a class z in degree 2p — 2. 
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Proof. As in Proposition [OH H*(BE p ;Z p ) ~ H*{BC p ;Z p ) Aut(c '\ where H*(BC p :Z p ) ~ 
Z p [x]]/px with x in degree 2 and Aut(C p ) ~ (Z/p) x acting by fc.x = /ex. Thus we have 
H*{B^ p :Z p ) = (Z P lxj/px) A ^ c ^ = Z jzj/pz where z = n fce(W (M = -a^" 1 . Using 
general theory (see, for example, |Wei94| ) we identify H*(B'E p ; Z p ) with H*(T, p ; Z p ) and the 
result follows. □ 

Lemma 6.37. There are sets B' and T such that 

H*(BZ p ;E°(B(W*y)) ~ E°{B'}^ © (£°[z]/pz){T}, 

where z is in degree 2p — 2. 



Proof. As before, we can identify the ring H*(B'S p ; E°(B(¥ X ) P )) with the group cohomology 
H*(E p ;E°(B (¥*)?)). We let B = {x* 1 . . . x p p | < a u ...,a p < p nv } C £°(B(F£)p) and 
note that E (B(F*) P ) = E°{B} so that we can apply Lemma [OS] to get £> = TUB', where 
T = £? Sp = {x" . . . xp* | < a < p™} and B' is a disjoint union of orbits of size divisible by 
V- 

Now, each orbit in B' is of the form T, p /H for some H with order not divisible by p, and 
H*(E p ;E°[E p /H]) ~ H*(H;E°) by Lemmal331 But, since |iJ| is invertible in B°, we find 
that ff i (E p ;£; [Sp/iZ']) = for all i > 0. Hence fP(£ p ; £°{B'}) = for all i > 0. Further, 
H°(E P ; E°{B'}) — E°{B'} Y: p. 

We now see that H*(Z p ;E°{B}) = H*(E p ; E°{B'}) ® H*(Y, p ; E°{T}), where the latter 
summand is just H*(Y> p ; Z p ) ®% v E°{T}; that is, 

H*{BS p ;E°(B(W*)v) ~ E°{B'}^ © (B°H/p Z ){T}, 

where z is in degree 2p — 2. □ 

We are now in a position to establish the cohomology of N = S p I F* . Note first that the 
projection TV — > E p makes E*(BN) into a B*(SE p )-module. Recall, from Section 14.3.61 that 
the embedding C p S 1 gives a class w e E°(BC P ) such that E°(BC P ) = E°lw}/\p](w) and 
E°(BT, p ) ~ E°(BC p ) Ant ^ ~ £°[[d]]/d/(d) where d = -w^ 1 and /(d) = (p)(w). 

Lemma 6.38. In E°(SE p ) = £°[dj/d/(d) we /iaue pd € (d 2 ). 

Proo/. Since d/(d) = and /(0) = p, we find pd = /(0)d = /(d)d - /(Q)d = (/(d) - /(0))d 
which is divisible by d 2 , as claimed. □ 

Proposition 6.39. Let J = {a G W | < a\ < . . . < a p < p nv and a\ < a p } . Then there 
is an isomorphism of E°(BY, p ) -modules 

E a (BN) ~ E°(BE p ){c p \ 0<i< p nv } © (E°(BE p )/d){b a \ a e J} 

where c p = eulen{N =— > GL p (F 9 ) GL p (F;)) and 6 Q = tr { ^ x )p (x" 1 . . .a£*). 

Proo/. First note that in E°(BN), 

d.b a = d.trj, )p (x^ ...a£») = tr^ X)p (resJx )p (d)xr ...x^) = 
since the composite (F* ) p — >• TV — > Y, p is zero. Thus, writing 

R = E°(BE p ){c P \0<i< p nv } © (E°(BX p )/d){b a \ a £ J} 
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there is an evident (well defined) map of -E°(i3S]p)-niodules <f> : R — ► E°(BN). We introduce 
a filtration on i? by 

F°R = R, 
= . . . = F 2p - 2 R = Rd, 
F 2p - 1 R= ... = F ip - 4 R = Rd 2 , ... . 

Then 



F^ 2p -^R ^ {Rd k /Rd k+i )= f E°{c P \0<i<p™}®E°{b a \a£j} for k = 



_ p 

F (k+i)(2 P -2) R > \ (£;°/p){c* I < i < p™}^ for fc > 0. 

We use the spectral sequence H*(BT, p ;E*(B(F*) p )) => E*(BN) associated to the fibration 
£(F*)? ->■ BiV -> BS p . By Lemma [Q71 iJ*(£ p ; £*(B(F* )*>)) is in even degrees and the 
spectral sequence collapses. Thus, we have a filtration E°(BN) = Fq ^ F 2p - 2 ^ -Fip-4 ^ • ■ • 
with F fe( 2p_ 2 )/^(fc+i)(2 )9 -2) = £^ 2p ~ 2):0 ; that is, 

„ ,„ _ f £°{T} © forfc = 

ffc(2p-2)/f( fe+ l)(2p-2) - | (£0 /p){T} ^ fo, fc > 

It remains to show that 4> induces an isomorphism 

F k(2 P -2) R p k(2p _ 2) 



F (k+l)(2 P -2) R F{k+1)[2p _ 2) 

for all k since, if so, an application of the five-lemma ( |Hat02[ pl29]) gives an isomorphism 

F°R ^ F 
FWp-*)R ~ F k{2p _ 2) 

and, on taking limits, an isomorphism R = F°R ~ F, b = E°(BN). 

Firstly note that the map E°(BN) -> F /F 2p ^ 2 = E°{T} © E°{B'} s p C £°(5(F*)p) is 
just the restriction map (see, for example, [McCOl ). An application of the double coset 
formula shows that res^^(6 a ) = J2ae^ P <J - X i 1 ■ ■ ■ x p P so tri at the images of b a (a £ J) are 
precisely the basis elements of E°{B'}^ p , where the latter is given the basis of orbit sums. 
Further, the restriction of the Z-euler class c p to E a (B(F*) p ) is just x\ . . .x p , so that the 
classes c p (0 < i < p nv ) give precisely the set T. Similarly, the class d k c p £ F k ( 2p -2) lifts 
(xi . . . x p yz k £ -F 1 fc(2p-2)/-F 1 (fc+i)(2 P -2)- The result follows. □ 

6.4.4 Summary of notation 

We summarise the notation for the generators that will be used to study E°(BGL p (¥ q )). 

• We have v = v p (q — 1) which is assumed to be positive. 

• We let T denote the maximal torus of GL p (¥ q ) and have 

E°(BT) = E°l Xl x p \/{[p v ]{ Xl ), [p*](s p )). 
We write j5 for the surjective restriction map E°(BGL p (¥ q )) E°(BT) j: p. 



We let A denote the diagonal subgroup of T and write E°(BA) — £' [[xJ/[p u ](x), where 
x = euler ; (A ~ F* > (F/) x ). We also let A p denote the p-part of A. 
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We let A be the maximal cyclic p-subgroup of GL p (¥ q ) of Section f6.4. II and, remem- 
bering that we can view A as a subgroup of F x , we have E°(BA) ~ i?°|{a;]]/[p t ' +1 ](x) 
where x = eu\eii(A s— > F* P >— > (F;) x ). Note that this notation is consistent with that 
of E°(BA) = E a (BA p ) since A p sits inside A in a compatible way. We write D for the 
quotient ring E°(BA)/(p)([p v ](x)) and a for the surjective map E°(BGL p (¥ q )) -> D r . 

We let C p denote the cyclic subgroup of order p. Using the embedding (Ff) x >— ► S 1 
we get an embedding C p >— » (F;) x and we write E°(BC P ) — E°lw1/\p](w), where 
«; = euler / (C p >-» (F,) x ). 

We write E°(BT. p ) — E°\d\/df{d) as in Proposition 14.881 where the restriction of d to 
E°{BC P ) is -wP- 1 and /(d) restricts to (p){w). 

As in the previous section, we write N — T. p I F x and have 

E°(BN) ~ £°(B£ p ){c p | < i < p nv } ® E°{b a \ a e J} 

where c p = euler ; (A =-> G£ P (F,) Gi p (F ; )), - tr^^K 1 ...a£») and 

J = {a S N p | < ai < . . . < a p < and on < a p } . 



Recall the results of Section EQ1 namely that every p-subgroup of N is subconjugate to one 
of A, Ep x A or T. We begin with the diagram of inclusions below. 




Applying the functor E°(B—) we get the following diagram. 

E°(BGLp(¥ q )) 



E°(BT) 




E°{BZ p ) ® E o E°(BA) 



E°(BA) 



E°{ Xl ...x P l 



E°ld,xj 



([p-}(x 1 ) 1 ...,[p-](x p )) 



(df(d),\pv](x)) 



E°(RA ) — 



E°jxj 
\p v+1 ](x) 
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Proposition 6.40. The maps ipi, 02 and ip3 shown above are jointly infective. 



Proof. This follows from Section 13.31 and Corollary 14.721 any abelian p-subgroup of N is 
subconjugate to one of T, A and E p x A. □ 

Hence we should be able to get a good understanding of the multiplicative structure of 
E°(BN) by studying the maps ip2 and 03. As well as looking at the usual generators of 
E°(BN), we will be particularly interested in a class t defined below. 

Proposition 6.41. There is a unique class t 6 E°(BGL p (¥i)) which restricts to Yii[P v ]( x i) 
in E°(B(¥ l ) p ) ~ E°lxi, . . . , x p J. Further, writing t for the restriction of this class to 
E°(BGL p (¥ q )), we find that t 6 ker(/3). 

Proof. By the results of Tanabe we have E°(BGL p (¥i)) = E°(B(¥* )p)^ , where E p acts by 
permuting the Xi, and it is clear that njp"]^*) ^ s S p -invariant. For the second claim, the 
commutative diagram 

£°(5GL P (F0) E°(B(¥i)P) E°fx u ...,x p j 



& {BGLM) — . e"(bt) — ap , ]{ ^;;;^ ) 

shows that f3(t) = Ui\p v ]( x i) = in E°(BT). □ 

For the remainder of this chapter we will write / for the ideal of E°(BGL p (¥ q )) generated 
by t. Then, by the previous result, we have / C ker(/3). Later we will find that / = ker(/3); 
that is, ker(/3) is a principal ideal generated by t. 

The following proposition shows the images of the key elements of E°(BN) under each of 
the maps ipx, ip2 and 03 and will be proved in the subsequent section. 



Proposition 6.42. With the notation above, the following table shows the images of the 
classes d, c p , b a (a S J) and t of E°(BN) under the maps "0i, ip2 and ipz- 



Map 1 target 


d 




b a (a g J) 


t 


V>i / E°(BT) 





X\ ... Xp 


^2 a.ix" 1 ...Xp p ) 





^ 2 / E°(B(S P x A)) 


d 


p-1 

Yl(x+ F [*](«)) 

fe=0 


(p- 1)1 f(d)x^°« 





<fe / E°(BA) 




H[i+kp-](x) 

k=0 


(p-l)l«E°<(p)([p«]{*)) 


WW 
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6.4.5 Tracking the key classes in E°(BN) 
Proposition 6.43. In E°(BT) = E°\xi, . . . , x p j/(\p v ](xi)) we have 

ipi(d) = 0, ip\{c p ) = xi...x p and tpi{b a ) = ^ ^.(a;" 1 . . .x p p ). 

cr6Sp 

Proof. For the first statement, the composition T >— > N -» E p is trivial and hence, since d 
is the restriction of a class in E°(BY, p ), it follows that ipi(d) — 0. For the second statement 
we have ipi(c p ) — ^i(euler;(iV ^ GL p (¥i)) = euler/(T GL p (¥i)) = x\ .. .x p . For the final 
statement, using the double-coset formula (Lemma 14.611) we get 

Mb a ) = res^tr^xf ...a£*) 

<reT\N/T 

as claimed. □ 
Proposition 6.44. In E°(B(Y, p x A)) = £^[d, [p v ](a;)) we have 

p-i 

Md)=d, Mc P ) = Y[(x+F [k](w)) and^ 2 (b a ) = (p-l)\f(d)x^ a \ 

k=0 

P 

Proof. The first claim is clear. For the second, let V = ¥ t correspond to the representation 
C p x A Gip(Fi) and L = F; to C p >— » (F/) x . Then, since C p acts on V by permuting the 
coordinates, it follows that V is the regular representation of C p . Thus, standard represen- 
tation theory (see, for example, |Ser77[ 2.4]) gives V ~ ©^=0 L k a s F/-representations of C p . 
Now, let M — ¥1 be the standard one-dimensional representation of A ~ F* C (F; ) x . Then, 
since A acts diagonally on V, we have V ~ (Bfc=o M <E)f L k as F;-representations of C p x A. 
Hence we have 

euler,(C p x A GL p (¥i)) = euler, (® M ®gr L k \ 

\k=Q ) 

p-1 



JJeuler,(M %, L fe )) 

fc=0 

p-i 

JJfeuler^M) + F euler,(L fe )) 

fc=0 

p-i 

H^+f [*](«;)). 



Thus, ip2(c p ) = euler/(E p xA<-> GL p (¥i)) is just the pullback of this class under the injective 
map E°(Bi: p xA)4 E°(BC p x A), as required. 

For the final statement, note first that (E p x A)\N/T = 1 and that (S p x A) n T = A. 
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Writing S for S p x A we can apply the properties from Lemma 14.611 to get 

MK) = res^tr^x? 1 ...^) 

tr SnTres s ^ T (conj;(x^ . . . x«')) 

<t<ES\N/T 

= trlreslK 1 ...^) 

= tr|(^^) 
= trf** A (l®*^) 
= trf p (l)®tr^(xS tt >) 
= trf p (l) 

But, from Lemma T4.891 trf p (l) = (p — and the result follows. 

Proposition 6.45. In E°(BA) = E a lxj/[p v+1 ](x) we have ip 3 (d) = -[p"](a;) p ~ 1 . 



□ 



Proof. Write \ and £ for the embeddings A >— * F ; and C p >— » F ; respectively. Note that 
under the map ir : N — > E p we have 7r(vl) = C p and we get a commutative diagram 




Now, writing a — j(a v , 1, . . . , 1) for the usual generator of A we have (£ o 7r)(a) = £(7) = 
a i = a u+i = x( a ) p so that £ o 7r = x p . Thus, applying E°(B—) to the above diagram gives 



E°(BC P ) 



E°(BX P ) 



E°(BA) 
E°(BN) 



Hence ir*(w) = ir* (euler/(£)) = euler/(£ on) = euler/(x p ") = [p u ](euler/(x)) = [p v ](x). Thus, 
since d is a class in E°(BY, p ) and d n* — w p ^ 1 in E°(BC P ) we find that 

Proposition 6.46. In E°(BA) = E°lxj/[p v+1 ](x) we have ip 3 (c p ) = Ul^oi 1 + kp v ]{x). 

Proof. We have ^{c p ) = euler z (A ^ GL p (F ( )) = FRlS [«*](&) = UVofi + k P V )( x ) usin S 
Proposition 16. 321 □ 

Remark 6.47. We can give an explicit diagonalisation of the representation A GL p {¥i). 



For k = 0,...,p-l let ^ = (1, agf , ag**^, 



>-l)(lWhT 



) . Then it turns out that 
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Vk is an eigenvector for a = 7(a„, 1, . . . , 1) with eigenvalue a^J p since 

( \ ( & \ 



a.v k = 7. 



i+fcp" 

l v+l 



, n (p-l)(l+kp v ) 

\ U v+1 



(p_l)(l+fep*) 



1 + fcp" 



where we use the fact that a v = a p , +1 = a p v ^ kp K Thus j(a v , !,...,!) has distinct eigenval- 



ues a]^_i P for < k < p and hence is conjugate to the matrix 



/ 1 

aj+f 

\o 






l+(p-l)p" 

l v+l 



\ 



J 



the form of which is to be expected by earlier diagonalisation results. 

Proposition 6.48. In E° (BA) = E°lxj/[p v+1 ](x) we getifj 3 (b a ) = (p-l)\x^ a >(p)([p v ]{x)). 

Proof. Using the double coset formula we have 

Mb a ) = resMCr? 1 . . . x?) = £ tr/ nT res/ nT (conj;(a;r . . . x?)). 

A\N/T 

But it is not hard to see that A\N/T ~ S p /(7) and A n T = A p and it follows that 
res/ nT (conj;(^ 1 ... Xp v )) = res^conj;^ 1 . . . Xp p )) = for all a G A\N/T. Thus we 

have 

S P /<7> 

= |£ p /<7)|.tri>^) 
= (p-l)!tri p (^^). 

Now, the map res^ : E°(BA) — > E°(BA p ) sends x to x and hence 

trl p (x) = tr£ p (res£ p (z)) = x.txi p (l) 

by Frobenius reciprocity. Writing q : A — > A/ A p for the quotient map and using the proper- 
ties of the transfer map (Lemma 14.61)) we get tr^ (1) = q*tr^ Ap (l). But A/ A p is naturally 
identified with C p (since A ^ C p has kernel A p ) and thus we have 

tri D (l)=^trf'(l) = 7r*«p)H). 



But, as in the proof of Proposition 16.451 ir*(w) — [p v ](x). Hence we have 

Mb a ) = (p - l)!trl p (x^ Q = (p - l)!^«Hrl p (l) = (p - l)!x^<p)([^](x)). □ 

Proposition 6.49. Lei f G E°(BN) be as in Proposition \KJI\ Then V>i(t) = 0, ^ 2 (*) = 
and ^ 3 (t) = [p v ](x) p . 

Proof. Since t G ker(/3) it follows straight away that its image in E°(BT) is zero, so that 
ipi(t) — 0. As in Proposition 16.441 the representation C p x A >— > GL p (¥i) is isomorphic 



Ml 



to a diagonal representation C v x A — > ((F;) x ) p sending 7 to (1, Oi,...,of 1 ) and map- 
ping A along the diagonal. Thus in cohomology we find that the map E°(B((¥i) x ) p ) = 
E°lx 1 ,... 1 x p \ -> E°(B(C P x A)) = E Q lw,x}/([p}(w),[p v }(x)) sends x k to x + F [k — l](w). 
We now see that fa{t) = lfi^\p v ](x + F [k]{w)) = IltoblO) +f [pKWM) - 0. By the 
methods of Proposition 16.321 we have a diagram 

E^BGLpiF^) E°{BW* P ) = 




where the vertical map sends Xi to [g I_1 ](;r). Hence we see that tp3(t) = J\ 1 i=i\p v ]([ ( l l ~ 1 }( x )) = 

nLibidi + WW) = nLJpi(^) = ^ = o. ' □ 



6.4.6 A system of maps 



In this section we will look at the earlier system of maps, 




Proof. Note first that qi(x) = x so that gi and 92 are really nothing more than reduction 
modulo ([p](x)) and ((p)([p](x))) respectively. Now, (p)([p](x)) = p mod ([p](x)) and it follows 
that p G + ((p) ([p](x)) . Thus Corollary |2.22l applies and the result is immediate. □ 

Corollary 6.51. The maps q± and (72 defined above are jointly injective. 
Proof. We have a commutative diagram 

E°(BA) (qi ' q2) y E°(BA P ) x D 



Q <g> £; (BA) — Q ® E°{BA P ) xQ®fl. 

Since E°(BA) is free over £° it follows that the map _E°(£M) — > Q ® E a (BA) is injective 
and a diagram chase shows that the top map is also injective. □ 

Corollary 6.52. The maps ip\, i/>2 and qi o ip 3 defined above are jointly injective. 
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Proof. Suppose z € E°(BN) with z maps to in each of E°(BT), E°(B(E P x A)) and D. 
Then z maps to in E°(BA p ) under res^ so that, by Corollarv l6.5U z maps to in E°(BA). 
Thus we have faiz) and ips{z) all zero, whereby z = by Proposition 16.401 □ 



Recall, from Proposition [6T6l that the map E°(BGL p (¥ q )) -)• £°(.BA) lands in the T- 
invariants, where T ~ Z/p acts on i5°(i?v4) by fe.a; = [q fe ](a;). It follows that 'i/'a lands in 
E°(BA) r and g 2 ° ^3 lands in D r . 

Remark 6.53. We can in fact see the above T-invariance explicitly by looking at the images 
of the generators of E°(BN) under the map (72 ip3- Note first that, in E°(BA), k.[p](x) = 
[p]([q k ](x)) — [pq k ](x) — \p](x) since q k = 1 mod p v . Hence [p](x) and also (02 "4>3)(d) = 
— [p](x) p ~ 1 are T-invariant. We have ip3(b a ) = (p — l)\x^ ai {p)([p v ](x)) which is zero mod 
(j))([p v ](x)), and so clearly maps into D T . Finally, 4>z{c p ) = Il^ot^K^) so that k.ipsfe,) = 
n?=o b' J+fc ] i x ) — ^(cp) since q p = 1 mod p v+1 . Hence the generators of E°(BN) all land in 
D T ', as expected. 



Note next that there is an injective restriction map E°(B(Yj p x A)) E°(B(C P x A)), where 
the latter ring has a presentation E°\w, x\/{\p\{w), [p v ](x)) with w = euler/(C p >— > F ; *) and 
x = culcr;(A >— > F*). We will write ^ 2 f° r the composite map 

£°(BiV) E°{B(Z P x A)) -»• E°{B(C P x A)) -» E°(B(C P x A))/»(u;). 
This allows us the following proposition which will prove useful to us later. 
Proposition 6.54. The maps 

E°(BN) 

q2°ip3 

E°(BT) ^4 T 

are jointly injective. 



Proof. Since = w(p)(w), an application of the Chinese remainder theorem (in partic- 

ular, Corollary |2.22[) shows that 

E°lw,xj n E°lw,xi n E°lw,xj 

v (b]W,b»]W) (»,[p1W) (( P )H,b«](x))' 

whereby, since E°(B(C P x A)) is free over E°, we have jointly injective maps E°(B(C P x A)) — > 
£ O M/[p"]0e) = E°(BA) and E°{B(C P x A)) -> E°(B(C P x A))/(p)(w). By an argument 
like that of Corollary 16.521 the result follows. □ 



6.4.7 Applying the theory of level structures 

We now investigate some properties of the ring E°(B(C P x A))/(p)(u>) which we identify 
with E°lw,x}/((p)(w), [p v ](xj) as in the remarks preceding Proposition 16.541 

Lemma 6.55. The ring R — E° fwj / (p) (w) is an integral domain. 
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Proof. With the usual notation we have {p)(w) ~ gi(w)/w which is monic and irreducible 
over the integral domain E° as in Lemma \6. 221 □ 

Lemma 6.56. The element y = Ul=o( x +f MM) e R l x i = E°lw,x}/(p)(w) is a unit 
multiple ofYl^-oix — [k](w)). 

Proof. Note that y = nfe=o( x +f MM) — TYk=o( x ~f MM)- Then an application of 
Lemma 14.141 shows that y ~ rTfe^oO 1 — MM)- ^ 

To proceed further we need to use the results of |Str97j which require some familiarity with 
the language of formal schemes and, in particular, level structures. The aforementioned paper 
gives a good account of the basic definitions and notations. 

Write X = spf(£°) so that G = spf(£° (CP 00 )) = spf(£7°[x]) is a formal group over X. 
Let Xr = spf(i2). Then Gr = G Xx Xr = spf(_RjxJ) is a formal group over Xr. Put 
D = spf (R\x\/y) and note that D is a formal scheme over Xr. 

Proposition 6.57. D is a subgroup scheme of degree p of Gr(1) = ker(xp : Gr — > Gr) 
and y is a coordinate on the quotient group Gr/H>. 

Proof. As in [HKROOj . let pF(R) denote the elements a e R for which \p](a) = 0, which is 
a group under +p. Define a group homomorphism (f> : "L/p — > pF{R) given by fc H> [k](w). 
Then cj> is injective (since M( w ) ~ w which is non-zero for k ^ mod p) and hence, using the 
terminology of |Str97, Proposition 26], is a level structure on Gr. Noting that, as divisors 
on Gr, we have D = spf(i?[x]]/ rifc=o( x — MM)) = [<?K^/p)] an d so, by Proposition 32 and 
Corollary 33 in |Str97] we find that D is a subgroup scheme of Gr contained in G_r(1) and 
that rife=o ~f [k](w)) — y is a coordinate on Gr/V). □ 

Remark 6.58. It may be helpful to have a translation of some consequences of this result 
into algebra. We now know that there is a well defined map R\x\/y — > R\x\/y sending x 
mod y to \p](x) mod y; in other words Hfe^oCM^) — MM) i s divisible by Ilfc^o^ - MM) 
in -ffjai]. This should not be too difficult to believe, as the former is divisible by [p](x) and 
[p]([fc](w)) = [A;]([p](tw)) = in R so that (x — [k](w)) is certainly a factor; the above result 
tells us that IIfc=o( x ~~ M( w )) i s a l so a factor. The remarks about the quotient group Gr/B> 
give us a subring Oq r / — Rly} of Oq r — Rlx} with favourable properties, as we will see 
below. 

Proposition 6.59. Let y = l\l=o( x +f MM) G Rl xj, as above. Then there is a unique 
power-series h G Rfy\ such that h = [p v ](x) in i?[[x]]. 

Proof. Since D is contained in Gr(1), the map Gr — ^» G^ factors through Gr/IS. Thus 
there is a map ip '■ Gr/H) —> Gr making the diagram below commute. 

Xp" 

G_r »- Gr, 




Gr/B. 

Put h(y) = i/>*(x) G Gr/0 = Rfy}. Then h(y) = [p v ]{x) in Gr = R[xJ, as required. 
Uniqueness is immediate since Og^/d is a subring of Gr - d 
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We explore some of the properties of the power-series h defined above, but first need a couple 
of lemmas. 

Lemma 6.60. Let A be a ring, let G be a finite group acting on A and suppose that \G\ 
is invertible in A. Then for any a £ A G there is an action of G on A/aA and there is a 
G-equivariant isomorphism A G /aA G ~ (A/aA) G . 

Proof. It is clear that the composite / : A G >— » A — » A/aA has image contained in (A/aA) . 
Given any r + aAe (A/aA) G we find that f(-± J2 g eG 9-r) = jb\ E 3eG (.9- r + aA ) = {§}( r + 
aA) = r + aA so that / : A G — > (A/aA) G is surjective. It is clear that the kernel of the map 
is just aA G and the result follows. □ 

Lemma 6.61. There is an action of (1i/p) x on R given by k.w = [k](w) and (p)(w) is 
(Z/ p) x -invariant. Further, the element d — rifc=iM( w ) generates i?( z / p ) over E° and 
R {z/ P r = E° 14 /f(d), where f{d) = (p)(x) as an element of R{x\. 

Proof. As is Proposition we know that (£°H/MM) (z/p)>< = E°{d}/df(d). Then an 
application of Lemma ICTil shows that (£°H/ '{p)(w))^/ p ^ = E°{d\/f(d). □ 

Corollary 6.62. With h as in Provosition \6.5$\ and (Z/p) x acting on R as above, we have 
heRiyf Zlpr =E a ld,yl/f(d). 

Proof. We know that the inclusion R\y\ >— > iJ[sc] maps h to [p"](a:), which is clearly invariant 
under the action of (Z/p) x on R. Hence h 6 Rfx^/P^ n Rfyj = Rfyf^P^ . □ 

We will write h — h(d, y) G E Q \d, y\/ f(d) thought of as a power-series in d and y. Note that 
there is a well defined element dh(d,y) 6 E°\d,y\/ df(d) and hence a well defined element 
dh(d,cp) e E°(BN). 

Proposition 6.63. With h as in Provosition 1 6. 59\ we have t + dh(d, c p ) — in E°(BN). 

Proof. We check that t + dh(d, c p ) maps to zero in each of E°(BT), E°(B(C P x A))/(p)(w) 
and D T and conclude that it must be zero in E°(BN) by Corollary 16. 541 We use the results 
of Proposition 16 .421 In E°(BT) we have both t and d mapping to so that t + dh(d, a) M> 0. 
In E°{B{C P x A))/(p){w) = E°§w,xj/((p)(w), \p v ](x)) we have 

t + dh(d, c p ) h> + dh fd, n£o0* +f [*](«;))) = dip*] (a?) = 0. 

We are left to consider the image in D T . There is a well-defined map E°fw, x\/ (p)(w) — > D r 
given by w <— > [p v ](x) and x h-> x. Then the identity ft, ^— u> p_1 , Ilfc^o^ +-F [^K w ))) = CP 1 ']! 13 ') 
gives ft (-[p' B ](a;) p ~ 1 ,nA=o[ 1 + = bKi) in £> r . Thus we have 

t + rfft(d, Cp ) -> [ P v ] (xy + (-[ P v ] (xr-^h (- [p-] (xy-\ uVo [i + m (x)) = o 

in D r and we are done. □ 
Corollary 6.64. In K°(BN) we have t = df" and cf v + dh(d,c p ) = 0. 

Proof. We have t = Y\ P =1 [p v ](xi) = nf=i A mod (p,«i, . . .,it n -i)- □ 
We will be interested in decoding this relation a bit further, and the following will help. 
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Lemma 6.65. In K° ® E o E°fw, sj/(p)(w) we have h(—w p 1 ,s) = s p ™" 1 mod w. Hence, 

h(0,s) = sP nv ~ 1 el p [s]. 

Proof. The identity fef-w?- 1 , ]Tjb=o x +f MH) = bl(^) in x}/(p)(w) read mod- 
ulo (p, Mi, . . . , u n -i) gives h(— w p ^ 1 , Ilfc=o x +-F = a;P ' ^- Then, modulo w, we get 
/i(0, a; p ) = and hence /i(0, s) = s p "" _1 . □ 

In Section l6.4.9l wc will need these results to get an idea of the structure of the kernel of the 
map (3 : E°(BGL p (¥ q )) — > E°(BT) T,p . In particular, they will be crucial in proving that a 
certain class in K°(BN) is non-zero. 



6.4.8 The kernels of a and (3 

In a similar fashion to the results of Section 16.4.61 we aim to prove joint injectivity of the 
maps a and /3. 

Lemma 6.66. Let g E GLd(K). Then there exists a permutation pGEd such that gwj) 
for all i. 

Proof. Label the rows of g as n, . . . ,rd- Then, by considering the expansion of the deter- 
minant along ri, there must be a non-zero entry r\j such that the resultant matrix formed 
by deleting row 1 and column j has non-zero determinant, and is therefore invertible. Put 
p(l) = j and continue inductively to get a well-defined permutation p E with the required 
property. □ 

Lemma 6.67. Let A! be the full subcategory of A.{G)i p ) with objects A, T( p ) and A p . Then 

lim Q®E°(BH) = lim Q®E°(BH). 
HeA(G) iP) HeA' 

Proof. There is a unique map lim# e _4(G) (p) Q(g>E°(BH) — > liaiHeA' Q<g)E°(BH) commuting 
with the arrows, by abstract category theory. We construct an inverse. 

Recall from Proposition 13.221 that any abelian p-subgroup of GL p {¥ q ) is sub-conjugate to 
either A or T (or both). Write L — hmneA' Q <8> E°(BH). Note that the structure maps 
L — > Q ® E°(BA) and L — > Q £g> E°(BT( p - ) ) land in the invariant subrings under the action 
of the relevant normaliser. We consider abelian p-subgroups H of GL p {¥ q ). 

If H is cyclic of order p v+1 then H must be conjugate to A. Further, given two such 
isomorphisms g\Hg^ x = A = g^Hg^ 1 the diagram 




commutes. Thus g 2 g 1 1 E N GLp ^ q) (A) and both maps L -> Q<g>E°(BA) -> Q®E°(BH) are 
equal. Hence we have a uniquely defined map L — > Q <g> E°(BH). Further, given any map 
conj s : Hi H-2 of such subgroups in A.(G)r p -\ it is clear from similar reasoning that we have 
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a commuting diagram 




E°(BH 1 ) 



c °nj Q 



E°(BH 2 



Any other H ^ GL p (¥ q ) which is sub-conjugate to A must be sub-conjugate to A p C A. In 
particular, since A is central in GL p (¥ q ), we find that H C A p and, for any g € GL p (¥ q ), the 
conjugation map induced by g is the identity on ZJ. Hence we have a uniquely defined map 
L^Q® E"(BA) -> Q ® E°(BA p ) -> <Q> ® E°(BH) which respects any arrow in .4(G) (p) . 

We are left with the case that if is subconjugate to T. First, suppose that H C T and let 
/i = (/ii, . . . , /ip) G iZ. Then ghg^ 1 — k for some fc = (k\, . . . , fc p ) € T. Letting g — (gij) 
we get equations gijhj — hig^ for all Hence gij(hj — fcj) = 0. But, by Lemma 16.661 
there is a permutation p £ £ p with t^p^) S F* for all i. Thus, for each i we have ^p(i) = fcj 
and so ghg^ 1 = (h p n\, . . . , h p ( P ))- It follows that the map conj g : iJ — > T corresponds to 
permutation by p and hence extends to a map T — > T induced by an element of Nq^ p (^^{T). 

Now, given any if subconjugate to T( p ) it follows that the map L — >• Q (g> E a (BT^) —> 
Q ® E°(BH) is independent of the choice of conjugating element and, further, that any 
arrow in .4(G) ( p ) commutes with these maps. 

Thus, we conclude that given any arrow H — > K in .4(G) ( p ) we have maps £ — » Q(g> E°(BH) 
and L — > Q CS> E°(BK) which commute with the arrow. Hence we get a well defined map 
L limij e _4(G) (ri Q ® E°(BH) which is necessarily inverse to the map at the start of the 
proof by abstract category theory. □ 



Proposition 6.68. The map 

a and f3 is an isomorphism. 



\ ® E°(BGL p {¥i)) 



E°(BT) 1 



D T induced by 



Proof. Writing G = GL p (¥ q ), by Proposition 14.701 we have an isomorphism 
Q®E°(BGL p (¥ q )) lim Q®E°(BH). 

HeA(G)( p) 



But, by Lemma 16.671 the right-hand side simplifies to lim# e _4< 
Proposition 13.101 and Lemma 13.231 we are left with a pullback 



E°{BH). Thus, using 



■E°(BGL p (¥ q )) 



E°(BAY 



Q <8 E°(BT (p) )^ ^ Q ® E°{BA p ). 

From Proposition 15301 we know that Q ® £°(BA) ~ <Q> ® E°(BA p ) xQ®D. But the action 
of F is trivial on E°(BA p ) so we get Q ® E°(BA) r ~ Q ® E°(BA p ) xQ®J) r . Since 
E°(BT)*p -> E°(BA P ) is surjective, the result follows. □ 
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Corollary 6.69. The maps 



E°(BGL p (¥ q )) 




are jointly infective. 



Proof. Since E°(BGL p (¥ q )) is free over E° the result follows analogously to the proof of 
Corollary E3U □ 

Corollary 6.70. rank E a(E° (BGL p (¥i))) = rank Ea {E°{BT) s '') + rank E «{D T ). Hence we 
have rank E a(E° (BGL p (¥ q ))) = rank E o(ker(a)) + rank E o(ker(/3)). 



Proof. Each of the rings in question is free over E° so 

rank B o(B (BG£p(F I ))) - rank^^o (Q ® E°(BGL p (¥i))) 

= rank Q8 E o (Q ® E o E Q ( BT) Sp ) + rank Q0 E a(Q (g> E o D r ) 
= rank B o (E°(BT)^) + rank B o(L> r ). 

For the final remark, note that 

va,nk E o(E°(BGL p (¥ q ))) = rank E o (ker(/3)) + rankgo (image(/3)) 

and image(/3) = E°(BT) T,p . It follows that rank E o (ker(/3)) = rank £ o(D r ) and similarly that 
rank J3 o(ker(a)) = rank E o (E Q (BT)^p). □ 



Recall that I = E°(BGL p (¥ q ))t was the ideal of E°(BGL p (¥ q )) generated by t so that, by 
Proposition l6.41[ we have / C ker(/3). We suspect that / = ker(/3) and work towards proving 
the reverse inclusion. 

Lemma 6.71. We have ker(a) n ker(/3) = and hence ker(a). ker(/3) = 0. 



Proof. By Corollary KTM1 the map (a,j3) : E°(BLG p (¥ q )) -)• D r x E° (ST) Ep is injective. 
If a G ker(a) fl ker(/3) then a (a) = /3(a) = whereby a € ker(a,/3) = 0. The second claim 
follows as ker(a). ker(/3) C ker(a) fl ker(/3). □ 

Corollary 6.72. The identification E°(BGL p (¥ q ))/ ker(a) ~ D T makes I into a free rank 
one module over D r and hence a free E° -module of rank N . 



Proof. Since t £ ker(/3) we have ker(a)t = and it follows that 

I = E°(BGL p (¥ q ))t = ( ^y" ) t * 

Now, as / is generated by one element over D T it is sufficient to show that I is torsion free. 
Take 0^s£ D T . Then a(s.t) = sa(t) ~ s[p v ](x) p . Since \p v ](x) divides (p)([p v }(x)) - p we 
see that [p"](a;) divides p in D. Thus s[p"](:r) p divides sp p , which is non-zero as D is free 
over E°. Hence a(s.t) ^ and s.t ^ 0, as required. The final statement is immediate from 
Proposition □ 
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Lemma 6.73. The ideal ker(/3) is an E° -module summand in E°(BGL p (¥ q )) and is free of 
rank N . Similarly, ker(a) is a free E° -summand in E°(BGL p (¥ q )) of rank ^f^0£z^jr ■ 

Proof. Since each of E°(BGL p (¥ q )) and E°(BT)^ is free over E° it follows that the short 
exact sequence -> ker(/3) E°(BGL p (¥ q )) E°(BT)^ -> splits. Thus ker(/3) is 
a summand in E°(BGL p (¥ q )) and hence is projective. But all projective modules over 
local rings are free (see |Kap58| Theorem 2]). Hence ker(/3) is free. By Proposition 16.701 
we have r&nk E o(E°(BGL p (F q ))) = mnk E a(E°(BT)^) + rank^o (D r ) and it follows that 
rank B o(ker(/3)) = rank B o(£> r ) = N. 

Since D r is also free over E Q an exactly analogous argument will prove that ker(a) is a 
free i?°-summand. The rank of ker(a) is the same as that of rank £ o(£ ,0 (BT) s p) which, by 
Proposition 12.91 is equal to the size of the set {(3 G N p | < ft + . . . + (3 p < p nv }. Standard 
combinatorics (p markers in p nv + p — 1 slots) gives this as ( p ~ i p p ~ 1 ) = %u,tvliy' ■ D 

Corollary 6.74. We have ker(a) = ann(ker(/3)) and ker(/3) = ann(kei(a)). 



Proof. Firstly note that ker(a) C ann(ker(/3)) and ker(/3) C ann(ker(a)) by Lemma 16.71 1 By 
[StrOOj we know that E°(BGL p (¥ q )) has duality over E°. Thus we can apply Corollary 
to see that both of ann(ker(a)) and ann(ker(/3)) are summands in E°(BGL p (¥ q )) and hence 
free. But rank^o (ann(ker(/3))) = rank^o (E°(BGL p (¥ q ))) — rank^o (ker(/3)) and the latter 
is just rank^o (ker(a)) using Proposition 16.701 Thus ker(a) C ann(ker(/3)) is an inclusion 
of free summands of the same rank and so is an equality. The same argument shows that 
ker(/3) = ann(ker(a)). □ 



6.4.9 Studying ker(/3) more closely 

To proceed further we apply the functor K°^ E a ~ or, equivalently, work modulo the maximal 
ideal (p, u\, . . . , it„_i). We have the following commutative diagram. 

/ »- ker(/3) E°(BGL p (¥ q )) ^ D T 



K° ® E o I K° ® E o ker(/3) K° ® E o E°(BGL p {¥ q )) ^ K° ® E0 D T 

We know that K ® E oE°{BGL p {¥ q )) = K°(BGL p (¥ q )) and aim to understand the remainder 
of the bottom row. Recall that we defined N to be - p nv )/p. 



Proposition 6.75. With y as in Provosition \6.29\ we have K° ® E o D T ~ F„ 



N 



Proof. Modulo (p, u\, . . . , u n -i) we know that [p m ]{x) = x p " m for all m and hence that 

(p)([p v ](x)) = X P MV+1) -P nv . Thus 

® E o {{p)(\p\(x))) 



Further, K° ® E o D T is the subring of K° ® E o D generated by y ~ x p , so that K° ® E o D 1 
¥ P ly1/y N , as claimed. □ 

Lemma 6.76. ker(K° <g> f3) is a module over K° ® E o D l 
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Proof. By Lemma |2~T7I the maps K° ® B o ker(a) -» ker(K° ® a) and AT ® B o ker(/3) ->• 
ker(i4T°(8)/3) are both surjective. Take a £ ker(K°®a). We can lift a first to K ^ E okei(a) and 
then to ker(a). Choose such a lift, a S ker(a) say. Similarly, given any & G ker(i4T° <g> E o (3) we 
can choose a lift b £ ker(/3). Then a. 6 = in E°(BGL p (¥ q )) by Lemma [6771] so that a. 6 = in 
K"{BGL p (¥ q )). It follows that ker^ ®^/?) is a module over K°(5GL p (F g ))/ ker(Jf°®a) = 
K° ® E o D T . □ 

Corollary 6.77. K°(BGL p (¥ q ))cf v is a module over K° <E) E o D T . 

Proof. Since t € ker(/3) and t — cf modulo (jp, ui, . . . , w„_i) it follows that cf maps to zero 
under K° <g) /3. Thus if°(BGi p (F 9 )) C P" C ker(K° ® /3) and so is annihilated by ker{K° ® a). 
The result follows. □ 

To understand the structure of K (BGL p (¥ q ))df as a K° ® E o D r -module we will need an 
understanding of the nilpotency of c p p in K°(BN). 

Lemma 6.78. In K°(BN) we have cf + * ~ cf 1 d 1+ P+-+P z modulo d 1+ P + ~+P i+1 for each 
i > 0. 

Proof. We proceed by induction. For i — we have ~ c p ) by Corollary 16.641 From 
Lemma l6.65l we get h(d, c p ) = cp 1 mod <i so that dh(d, c p ) — c v p d mod d 2 , as required. 

Supposing C P p v+k ~ eg"" 1 d 1+p+ ~ +pk mod di+P+-+p fc +i wr it e 



U + fc 



ucg d 1+p+ - +p +d 1+ P+- + P + \< 



for some unit u and some s. Then, raising to the power p (a mod-p automorphism) we have 
cP ^+fc+i _ u p c p n " d p+p 2 +...+ P k + 1 + d p+p 2 +...+p k+1 +p s p^ 



Thus, modulo ( f 1 +P+-+P fc+1+1 , we have c|f +fc+I ~ c P""dP+P 2 +-+P fc+1 since p > 2. But c^"" ~ 
cf^'d mod d 2 so that cf "dP+P 2 +-+ P fc+1 _ c p" t - 1 d i+p+...+p' c+1 mod d p+...+d pfc+1 +2 i Hence 
c P"" +fe+1 ^ c^'"' _1 d 1+ f+'- + f* !+1 mod d 1+ P+-+P k+1+1 , completing the inductive step. □ 

Lemma 6.79. In K°(BN) we have cf { " +1) 1 ~ cf" 1 d(p" _1 )/(p _1 ) ; which is non-zero. 

Proof. Put i = n — 1 in Lemma fo. 781 to get the result cp" ( + ' ~ ^i+p+...+p mod 

d i+ p +...+ J ,»- 1 +i < But we have d 1+p+ -+*> n ~ 1+1 = d(p"-i)/(p-i)+i = in K°(BN) (since, by 
tensoring with K°, K°{BT, p ) ~ Fp^/e^™- 1 ^-^ 1 ). Thus we get 

cp 1 "^ 1 '" 1 ~ = cf nJ ~ 1 d {p "-V /( -P- 1 ' ) 

in K°(BN). The right-hand side is a basis element for K°(BN) over JsT° so is non-zero. □ 

Proposition 6.80. We have cf+P^' 1 ^ in K°(BGL p (¥ q )) . 

Proof. By Lemma T6.79I we have cf ~ cf dO*"- 1 )/^ 1 ). Multiplying both sides by 

c p-_ p — i_i then giveg c JV+p""-i _ c p""-i d (p"-i)/(p-i) ^ _ Thus c w+p""-i i s non-zero in 

K°(BN). □ 

Proposition 6.81. The ideal K°{BGL p {¥ q ))cf is free of rank 1 over K° ® E o D r = 
¥ v \y\/y N and hence has dimension N as a vector space over¥ p . 
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Proof. Since M = K c \BGL p (¥ 'g))c£ is generated over ¥ P ly^/y N by one element, namely 
c|J , it follows that M ~ F p [j/]/j/ m for some to < N, that is y m .c^ = for some to. Since 
a maps c p to y we have y N ~ 1 .df ^ if and only if c^ -1 ^ 7^ 0. By Corollary 16.801 the 
latter holds so that M ~ FpJ?/]/?/^ is free over if ® B o L> r . □ 

Lemma 6.82. The induced map K° ® E o I ~ ► ^' (^GL p (Fg))c^ is an isomorphism. 

Proof. That the map is surjective is immediate from Corollarv l2.18l Using Corollary 16. 721 we 
see that K° ($ E o I is an F p - vector space of dimension N — dimp p (K°(BGL p (¥ q ))c^ ) ). Thus 
the map is an isomorphism. □ 

Lemma 6.83. The induced map K° (& E o / — > K° (gi E o ker(/3) is an isomorphism. 

Proof. Consider the following diagram. 

K° ® E a I >~ K° ® E o ker(/3) > ker(if° fg) (3) 



K°(BGL p (¥ q )).cP p 

Since the composite K° ® E o I K°(BGL p (¥ q ))c^ >— » ker(i^° ® /3) is injective we see 
that the map if <g)£0 / — > if <g)£0 ker(/3) is also injective. Both the source and target are 
Fp-vector spaces of dimension TV and it follows that the map is an isomorphism. □ 

Corollary 6.84. / = ker(/3). That is, ker(/3) = E° (BGL p {¥ q )) is principal, generated by t. 

Proof. Since K° ® E o I — > K° ® E o ker(/3) is an isomorphism, the result follows immediately 
by an application Proposition ^. 121 □ 

Proof of Theorem]^ It just remains to assemble the results of this chapter. That a and (3 
are jointly injective is Corollary 16.691 We have shown that f3 is surjective in Proposition 
16.101 and surjectivity of a was proved in Proposition 16.321 The rational isomorphism was 
Proposition 16.681 The remaining results were covered in Lemma 16.731 Corollary 16.841 and 
Proposition KT741 □ 

As a corollary to Theorem [Cl we can give an explicit basis for E°(BGL p (¥ q )). Indeed, by 
earlier work (see Section 6.2) we have a basis B for E°(BT)^ p which lifts canonically to 
E°(BGL p (¥ q )); write B for this lift. We then have the following result. 

Corollary 6.85. The set S = B U {tc p | < i < N} is a basis for E°(BGL p (¥ q )) over E° . 

Proof. Since ker(/3) is a summand in E°(BGL p (¥ q )) we have a decomposition 

E°(BGL p (¥ q )) ~ ker(^) E°(BTf". 

But ker(/3) = E°{BGL p {¥ q ))t ~ D v t = E°{tc p | < i < N} and E°(BT)^" = E°{B}. 
Thus, as i?°-modules, 

E°(BGL p (¥ q )) = E°{tc l p I < i < N} ® E°{B}. □ 
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Appendix A 

Glossary 



To ease readability of this thesis, a glossary of frequently used notation is included below. 

• We use A to denote a chosen cyclic subgroup of GL p (¥ q ) of size p v+1 . 

• We let a denote the composition E°(BGL p (¥ q )) -> E°(BA) -> D. 

• For a G J we let b a = tr JL (a;" 1 . . . x p p ) G E°(BN). 

• We let /3 denote the restriction map E°(BGL d {¥ q )) -> E°(BT d ). 

• We write c p for the Z-euler class of any subgroup of GL p (¥i); that is, c p is the restriction 
of the generator a p of E°(BGL p {¥i)) ~ J5°[o-i, . . . , a p j. 

• We use D to denote the ring E°\x\/ (p){[p v ](x)). 

• We use d to denote the generator of E°{BY, p ) ~ I<i]]/d/(d) 

• We let A denote the diagonal subgroup of T = T p and A p denote the p-part of A. 

• We use / to denote the polynomial over E° for which f{~w p ^ 1 ) — (p)(w) xn. E a \w\/[p](w). 

• We let F denote the Frobenius automorphism of F; and also to denote the standard 
p-typical formal group law. 

• We write T for the Galois group Gal(F g /F 9 ). We also abuse this notation slightly to 
write r = Gal(F g p /¥ q ) where the difference is unimportant. 

• In Chapter |5] we write / for the ideal of E°(BGL p (¥ q )) generated by t. 

• We let J be the set {a G N p | < a.\ < ... < a p < p nv and a x < a p } . 

• We use K to denote a finite field of characteristic coprime to p^ 

• We write L for the extension of Q ® E° formed by adjoining a complete set of roots of 
[p m ](a;) for each m > 0. 

• We use I to denote a chosen prime number different to p. 

x Not to be confused with the chosen integer greater than or equal to 1 which determines the rank of the 
general linear group being studied. 

2 Not to be confused with the cohomology theory K; context should ensure there is no ambiguity. 
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We let Nd (or N) denote the normalizer of Td in GLd(¥ q ). 

We use n to denote the integer corresponding to the height of the Morava _E-theory. 
We use p to denote the prime at which the Morava i?-theory is localised. 
We let $ be the group Rcp(6*, G£i(Fj)) = Hom cts (e*, Ff ). 

We write ipi, -02 and tp 3 to denote the restriction maps from E°(BN) to E°(BT), 
E a (B(T, p x A)) and E°(BA) respectively. 

We let q = l r be a power of a chosen prime number different to p. 

We write t for the unique class in E°(BGL p (¥i)) which restricts to 0» C 27 * ) m 
E°(B(F*r)~E l Xl ,...,x P l 

We let Td (or T) denote the maximal torus of GLd(¥ q ). Similarly we may write Td for 
the maximal torus of GLd{¥ q ). 

We let 6 = (Z/p°°) n and 9* = Hom cts (9, S 1 ) = Z™. 
u denotes the invertible polynomial generator of E* lying in degree -2. 
til, ... , u n _i denote the standard power-series generators of E° over Z p . 
We let v — v p (q - 1). 

We let w denote the standard generator of E°(BC P ) ~ -E°[w]]/[p](w). 

We let x denote the complex orientation or complex coordinate of E, or a restriction 
there-of. 
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